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Logic, to be exact, mathematical logic, is a science about construction of theories and their models.
But logic is a theory too. It means there is an ordered set of logics and logic of (n+ 1)-th order allows
to construct theory and model for logic of n-th order.

This definition is conventional in computational logic. In classic logic it is conventional to define
logic as the calculus of valid formulas.

In spite of that both kind of logic have many common features and their integration allows to have
more perfect science.

Such integration is the relational logic. It is based on three concepts.

According to the first concept, all mathematics objects are relations [1], because relations are con-
venient for computer processing. So logic formulas, being relations, have neither brackets, connectives,
nor quantifiers. It means all formulas of classic logic can be present in such form and, vice versa, all
computer-oriented relations can be present as formulas of classic logic. This accordance lets use below
classic presentation of formulas (with brackets, connectives, and quantifiers) as more simple and clear.

Besides that, all formulas in the relational logic can be constructed from atoms (atomic formulas)
without terms. It means an atom is present syntactically as a symbol with argument places filled by
variable symbols. These symbols of atoms can be functional or predicate. A functional symbol has
one or several additional places containing a function value. A predicate symbol has no functional
dependences among its places.

But usage of atoms without terms complicates the logical formulas. So in the relational logic the
terms exist, but they are introduced only for the shortened record of the formulas. And it appears,
the terms can be created not only by function symbols, but predicate too. In this sense the relational
logic is the extension of the classic one.
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According to the second concept, all sets are non-transitive. It means, a set and its member have
no common member.

Such sets can not be produced by one atom or a finite number of atoms. Therefore, it is the most
natural to consider atoms as the natural numbers. So such sets are called natural.

The classic set theory is one-atomic, but its atom is not a natural number, its atom is the logic
object “false”. As it is known, from false we can deduce everything.

From the point of view of the relational logic, the classic set theory is inconsistent because of
existence of transitive sets. In this sense the relational logic is not conforming with classic.

According to the third concept, the finite logic is defined as the logic of finite proofs and calculated
relations.

The finite proofs are constructed by automated theorem proving [2]. The calculated relations are
constructed by logic programming [3]. The theorem proving is used for computer-oriented theory
construction, the logic programming is used for computer-oriented model construction for a given
theory. The finite logic are also called the relational programming.

The relational programming ensures the higher level of the automatic programming. A description
of a problem by means of logic becomes the program, ready for the execution.

The modern logic programming contains members to contradict classic logic, but all these incon-
sistencies can be removed.

In particular, in logic programming there are several kinds of negation. But at more close study of
these kinds of negation we see that in reality there are some kinds of problems, differing by complexity
of negation calculations. There are, naturally, problems that have uncalculated negations.

By its nature logic programming realizes jump from recursive functions to the recursive relations.
In this sense the relational logic is a new branch of classic logic.

According to the three above concepts the “Introduction” consists of three parts.

In the first part we give the syntactical and compute-oriented forms of presentation of logic objects.
We introduce the terms and the rules of logical description of theories and models. These rules are a
part of an axiom system for the relational logic.

In the second part we construct the set of all models not depended on theories. For this the
arithmetic set theory is used.

But in the relational logic the set theory is not a mathematical theory. So we use a metalogic for
construction of this theory. As such metalogic we take classic logic.

In the third part we state fundamentals of the finite logic. The rules of computer construction
of the theorem set and the models of a theory are formulated. To construct the theorem set we use
inconsistent theories as a rule.

Lower the following symbols are used:

- constant as a symbol without any subscript,

- variable as a symbol with a subscript.

Constant is interpreted by a set, variable is interpreted by an arbitrary member of the set.

For example, N is the symbol of the sort interpreted as the set of natural numbers, Ng, N1, Ns...
are symbols of variables, interpreted as arbitrary natural numbers.

As an exception, with the purpose of simplification, the subscripted variables can be replaced by
constants, for example, N; instead of Ny, (here ¢ is a constant, N; is a variable).

The structure of theories has special features too. A theory has undefined relations and basic
axioms, setting properties of the undefined relations. A basic signature of a theory includes only
symbols of undefined relations.

The defined relations can be recursive. The new symbols for the defined relations are entered
without any limitations. It means, a full signature of any theory can be permanently refilled.

Except basic axioms the theories have theorems as deduced axioms and definitions as axioms too.

We used the next symbols for notation of negation, conjunction, disjunction, direct and back
(at permutation of places) implications, logical equivalence, and existential and universal quantifiers
(these logical connectives are listed in the order of their priorities):

AV, =, —, 2,3,V
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The quantifiers differ from other connectives only by priority. This contradicts the conventional
rules, but allows considerably to reduce a number of parenthesizes.
These connectives are used in logic of any order.

1. Axioms of First Order Logic

The theory construction is based on the theory calculus and on the axiom calculus. The theory
calculus is used for construction of a theory set, the axiom calculus is used for construction of an
axiom set of a theory.

The model construction is also based on the calculus of all models (i.e. the set theory) and on the
model calculus for a theory.

In this section the account of these calculi is stated partly. This account is based on the first and
second normal forms.

In the first normal form all axioms of a theory should be present. These axioms include theorems
and definitions. The first normal form is basic in the theory and axiom calculi.

In the second normal form all positive definitions of a theory should be present. The second form
is basic in the model calculus for a theory.

As a rule, a definition consists of two parts joint by symbol of logical equivalence. The left part is
a defined object, the right part is a defining formula.

Replacing logical equivalence by back implication we get a positive definition. Replacing logical
equivalence by direct (usual) implication we get a negative definition.

We need both definitions in the axiom calculus. We need only positive definitions in the model
calculus for a theory.

A positive definition allows to construct a model of a defined object. Negative definition allows
to construct a complement to a model. But there exists a way to construct the model complement
without using the negative definition.

In section 1.1 we give rules to present logic objects in syntactical form.

In section 1.2 and 1.3 we give rules to construct the first and second normal form for the computer-
oriented presentation of logic objects.

In section 1.4 we give some axioms to set properties of undefined relations. These properties are
present in the computer-oriented form, but the axioms are present in the classic form.

1.1. Mathematical Logic Language.

The relational logic signature consists of an enumerable set of sorts S and enumerable set of
relation symbols R. Sets of constant symbols and function symbols are empty.

Arbitrary members of S are Sy, Si, So,... , arbitrary members of R are Ry, R, R»,... . The
arbitrary members are meta-variables, which can be replaced (through substitution) by concrete
members.

Besides sets S and R, the alphabet of the language includes a set of variables. The arbitrary

members of this set are symbols So,, So,---y S19y S155-+ 5.~ - Symbol S;; means j-th variable of ¢-th
sort.
But the sort S; of variable Si]. is defined by place N; this variable occupies in relation R;i:
Si = S(R]_, N]_)

where function s is interpreted by s: Rx N — S.

The alphabet of the language includes also parentheses, comma, and logic symbols of negation —,
implication —, and universal quantifier V. All words in the alphabet must be finite.

The set of all words in the alphabet is denoted W, arbitrary members of the set are denoted Wy,
W1, Wy, ... . An arbitrary member is a meta-variable and belongs to a metalogic.

But this metalogic is the second order logic. It is naturally because the first order logic belongs
to the set of the second order theories.

Now we can define an atomic formula (atom) as a word:

R1(S1,,852,, - Sn.,)

where S; = s(R1,1), S2 = s(Ry,2),...,5, = s(R1,n), k, I,...,m are arbitrary natural numbers, among
these numbers someone can be equal, n is a number of places in Ry,
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The set of words being atoms is denoted A, arbitrary members of the set are denoted Ag, Ai,
A2,... .

We must define the relation F “to be a formula”. This definition is recursive

F(Wo)e2 (40 Wo = AO)V(élwlé!Wz Wo = (F(W1) — F(W2)))V(EWy Wy = (~F(W1)))V
(I, Wo = (VS1, F(Wh)))

The definition uses the metalogic. The logical connectives, belonging to the metalogic, are marked
by a point above the connectives. The symbol “=" belongs to the metalogic too.

This definition consists of two definitions.

If we replace logical equivalence by back implication, we get the positive definition. After reducing
to conjunctive normal form (CNF') and using equation properties we have the next formulas:

F(Ap).

F( (FW) = F(W2)) ).

F((~F(W)) ).

F(VSy, F(Wy)).

So we have inductive definition of “formula”. Formula is:

atom;
(F1 = F), if 1 and F>» are formulas;
(=F1), if F1 is a formula;
(VS1, Fi1), if F1 is formula.
We have a negative definition, if we replace logical equivalence by direct implication:
F(Wo)->(3A0 Wo = Ao)V(EW1IW, Wy = (F(W1) — F(W2)))V(EFW1 Wo = (~F(W1)))V
E|W1 Wo = (VS]_l f(W]_))

We have a final part of the inductive definition:

The other formulas do not exist.

The set of all formulas is denoted F too. The arbitrary members of this set are Fy, F1, Fo,... .

An important kind of formulas is a valtd formula. The definition of the relation V “to be a valid
formula” is recursive, but we limit ourselves to the positive definition only:

V( (}—1 — (}—2 — }—1)) )
V( ((.7:]_ — (.7:2 — .7'—3)) — ((.7:]_ — .7'—2) — (.7'—1 — .7:3))) )
V(i (nF) = (2F2)) = (0F1) = F2) = F1)) ).
w( ((vS1, F1) = F1) )
free(]-'l, S]_l)\/V( (‘VS]_l (f]_ g .7'—2)) g (.7'—1 g (VS]_,]_ fz)) )
V(}—l)/\V( (.7:]_ — .7'—2) )—)V(}—g)
V(F1)=V((VS1,F1)).

where relation free(F, S1,) means formula F; has a free occurrence of variable Sy, .

The first five clauses are called axioms and last two clauses are called inference rules of logic.
Besides, the negative definition is absent as a rule.

It is not well. As it is marked above, logic is not the calculus of valid formulas, but the science of
construction of theories and their models. This science has its own system of axioms. These and only
these axioms are logic’s. At that time the logic axiom set is not completed.

We must note every theory can be present by a set of valid formulas. But such presentation is
used very seldom. The relation logic does not use it.

Below we exclude valid formulas, if we do not mention them explicit.

We can shorten formulas, if we use next denotations for back implication, disjunction, conjunction
and existential quantifier:

(.7'—1 — .7:2) = (.7:2 — .7'—1)

(FiVF) = ((0FL) = Fo)

(F A F) = (((F) V (-72)))

(}—1 = Fg) = ((}—1 — Fg) A (Fg — }—1)

(351, 71) = (=(VS1, (0F1)))

The further shortening can be obtained by decrease of a number of brackets. For this purpose we
must use priority of logical connectives (see above).

But the most powerful shortening is obtained, if we use terms.

1.

!Errata. See Relational Logic, 2001, 2, p. 62
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The absence of terms in the relational logic is explained by the absence of constant and function
symbols. But it does not confine possibilities of the relational logic, since any constant is a one-place
relation. Any symbol of a function is a relation symbol too. The relational symbol has one more place
than the same symbol of the function. This additional place in the relation must be the last one.

Moreover, in addition to the classic logic, one relational symbol can correspond to several functions
with several additional places.

It is necessary to point out, in the relational logic any formula of classic logic with any terms can
be present.

Example 1.1. The formula y = ¢+ 1 in the relational logic is represented as 3N, + (N, No, N3) A
1(N5), where N is the sort of the natural numbers, N; replaces z, N3 replaces y, the variable N is
bound. O

In the given example the simple expression is replaced by another, which is more complex and less
clear.

Therefore, it is necessary to introduce terms for reduction and simplification of complex expres-
sions.

The following statement solves this problem:

Ri(c(yRo(eeey—yerr)y o) = 350, Ri(..., S0, ) AN Ro(..y S0, ).

In this notation the atom Ry(..., - ,...) is a term, the symbol “_” in Ry is an anonymous variable.
This variable gives a value of the term.

The notation allows to give syntactical definition of terms, similar to the definition in classic logic:

- a variable is a term,

- if ¢;...,t, are terms and R; is a relation with n+1 places, R;(¢1,...,ti—1, - ,ti,...tn) is a term too.

In this definition, with the purpose of simplification, the term sort problem is not touched up.

The set of all terms is denoted by ¢, arbitrary members of this set are denoted by ¢, t1, t2,... .
The formula R;(¢4,...,t,) is also called atom.

It is necessary to mark, a term in an atom with negation:

R (cery Ro(ceey =y on)y o) = VS0 7 R1(eery Sogy ) V 1 Ro(..., Sog s ---)
differs from a term in an atom without negation.

The given notation of terms is changed, if there are functional symbols.

A symbol of a relation is called functional, if this relation has functional dependencies, and pred-
icate, if it does not contain such dependencies.

Functional dependence means property of atoms

ﬁR]_(...,t]_, ) \ _|R1(..., to, ) Vi =ts.

As a rule, the places for function values are last in relations.

If a value of an anonymous variable is a function value, the denotation of a term becomes ambigu-
ous:

Ri(..yRo(eery—y-er), ) &= (3S0p R1(--, Sogs---) ARo(.cry Sogy --)) = VSoy R1(--+yS0gy---) VIRo(-, Sogy ---)
but terms in atoms without and with negations become identical.

It is easy to show, the formula

(ElSOo R]_(..., Soo, ) VAN Ro(..., Soo, )) — VSOO R]_(..., Soo, ) \Y ﬁRo(..., Soo, )
is deduced from the uniqueness of a functional value Ry(..., So,,-.-) A Ro(..., So,,-.-) = So, = So,, and
the formula

(ElSOo R]_(..., Soo, ) VAN Ro(..., Soo, )) — VSOO R]_(..., Soo, ) \Y ﬁRo(..., Soo, )
is deduced from the existence of a function value 35Sy, Ro(..., Sog,---)-

The ambiguity of term denotation is eliminated by usage of expressions with a universal quantifier
in the first normal form (see section 1.2) and by usage of expressions with an existential quantifier in
the second normal form (see section 1.3).

Usage of terms considerably simplifies formulas. But our purpose is the maximal approaching to
language of the first order classic logic.

To reach this purpose we shall define a function symbol (a constant is considered as a special case
of a function).

A functional symbol becomes a function symbol, if the relation contains one functional dependence.
The place for the function value is last.
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Terms that contain only function symbols and variables, we shall call functions.

For such terms the anonymous variable always is the last, and so it can be omitted. If in terms
(and atoms too) to admit also usage of infix and postfix notations, the presentation of such terms and
formulas becomes identical in both kinds of logic.

New is that in classic logic terms and relations are independent.

In the relational logic terms and relations are dependent.

Besides, terms can contain predicate symbol. Usage of such terms allows to simplify formulas and
to reduce a number of quantifiers in these formulas. This possibility should find broad applying.

Example 1.2. We shall demonstrate how to reduce the definition of the factorial in the relational
logic to the definition in classic logic.

In the prefix form and without terms this definition is

VN,V N> !(Nl, N2) < dN33dN,dNg !(N3, N4) A 1(N5) A +(N3, N5, Nl) A *(N4, Ny, Ng)
where !(Ny, N») is the prefix form of the factorial N;! = No.

Using terms instead of variables N, and Ny, we have:

VN1VNp {(Ny, No) @ 3N3 + (N3, 1(- ), Ni) A (!(N3,- ), N1, N2).

Symbols of functions are “+”, “4” and “!”. Removing the last argument in the atoms with these
symbols and using the infix and postfix forms, we receive:

VN1VN2 Ni! = N; @ IN3 N3 + 1 = N; A N3! x N; = Na.

This definition can be present as positive and negative:

VN1VNs Ni! = Ny « N3 N3 + 1 = Ny A N35! x Ny = Ns.
VN;VNy Ni! = N3 — dN3 N3 + 1 = N; A N3! * N; = Ns.

The positive definition can be present as:

VN1VNoVN3 Ni! = Ny V N3+ 1# Ny V N3! x Ny # Ns.

This definition can be simplified, using properties of inequalities in a disjunction:

VN3 (Ng + 1)! = N3! x (Ng + 1).

The received definition coincides with those in classic logic.

The negative definition can be present as:

VN1VN3dN3 Ni! # Ny V N3+ 1= Ny A N3! x Ny = Ns.

Using properties of inequalities in a disjunction, again we have

EN3 N3!x N3 = (N3 + 1)L
Using properties of equalities in a conjunction, we receive the atomic formula:
dN3 N3!x N3 = (N3 + 1)

This formula is a particular case of positive definition.

Additionally we must define the factorial at zero point.

In the relational logic the factorial at zero point is defined by the formula:

VN; (3Ny O(Np)A!N(Np, N1)) 2 INy 1(No)A = (N1, Ng) or VN, 0l=N; & Ny =1

The positive definition looks like:

VN; 0! = N; V N; # 1.
Using properties of inequalities in a disjunction, we receive the same result, as in classic logic:
ol =1.

The same result we shall receive for the negative definition.

Therefore, the negative definition is superfluous. This conclusion is fair for all primitive recursive
functions. O

It follows from the given example, in the classic logic definitions are frequently based on intuition
of mathematicians. The relational logic allows to justify correctness of classic definition.

Example 1.3. We shall demonstrate how a predicate can be used as a term.

Let the relation A be interpreted by {< 12,5,7 >,< 9,15,6 >,< 12,15,8 >} and the relation B
be interpreted by {6, 7}.

Then A(Ny, No, B(-)) is interpreted by {< 12,5 >,< 9,15 >}. O

1.2. First Normal Form.

As it was specified above, the mathematical logic is a science to construct theories and their
models.
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There are many ways of the presentation of the first order theory set. The axioms of the relational
logic must ensure only one of this ways.

One way of such presentation is to remove all valid formulas from the theories of the first order.
In this sense the problems of classic and relational logics are diametrically opposite.

Initial information for construction of the first order theories is the set of the axioms of these
theories.

There are many ways of the presentation of the axioms. This ambiguity is eliminated in the
relational logic by reduction to the first normal form.

The first normal form is based on VICNF (a prenex conjunctive normal form with universal
quantifiers preceded to existential quantifiers).

The reduction to VACNF is realized by a sequence of steps in accordance with the following rule.

Rule 1.4 of the reduction to VICNF:

- the transformation of the axioms to the closed formulas by addition of universal quantifiers for
all free variables;

- the transformation to the prenex form with all quantifiers in the beginning of the formula;

- the reduction to Vd-form, i.e. the partition of one sentence onto some sentences with universal
quantifiers preceded to existential quantifiers;

- the reduction (if there are existential quantifiers) to the disjunctive normal form (DNF), at
reduction the properties of equalities (for simplification DNF') are used,

- the transference of existential quantifiers into A-clauses (an A-clause is a literal with variables
bound by existential quantifiers or a sequence of such literals, joint by conjunctions, a literal is an
atom without or with negation);

- the reduction (with usage of the equality properties) to a conjunctive normal form (CNF); if
there are existential quantifiers, their scope (an A-clause) is considered as monolithic, not destroyed
at the reduction to CNF.

So the reduction to VICNF is finished.

If existential quantifiers are absent, we have a quantifier prefix and conjunction of V-clauses (a
V-clause is a literal with variables not bound by existential quantifiers or a sequence of such literals
joint by disjunctions).

If there are existential quantifiers, we have a universal quantifier prefix and conjunctions of clauses
(a clause is either a V-clause, an A-clause, or a sequence of such clauses joint by disjunctions). Every
A-clause into the clause has an existential quantifier prefix.

In VICNF all quantifiers (therefore, all variables) can be absent. If constants are absent too, VICNF
turns into a propositional formula. It is not forbidden, but better not to include such formulas in the
first order theories.

Rule 1.5 of the reduction to the first normal form:

- the reduction to VACNF;

- the separation of each clause of CNF into the isolate sentence;

- the introduction of the new identifications of variables: all variables, bound by universal quan-
tifiers, become zi, s, z3..., variables, bound by existential quantifiers, become a1, as, as..., and the
subscript numeration starts anew in each A-clause;

- all quantifiers are removed.

As a result of reduction to the first normal form each formula becomes a quantifier-free clause, i.e.
a sequence of one V-clause and some A-clauses, connected by disjunctions.

All steps above are particularized in the textbooks of classic logic. The exceptions are the reduction
to V3-form and the transference of existential quantifiers in A-clauses. Let these steps be considered
in more detail.

In the general case before the reduction to the V3-form, any sequence of quantifiers in the prenex
form can be present as:

Vz11VT1s...3Y113Y12... ... VZp1VZpo...3Yn13Yn2... Fo
where Fy is a quantifier-free formula with variables T11, T12,..-y <+, Tn1,Tn2y---2Y11,Y125-y -+ ryYnl,

Yn2,y - -
This formula is divided into some sentences in V3-form. The first of them is
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Vz11VYT12...3Y11Y12... R1(T11, 12, -0y Y11, Y12, ---)
where R; is a relation defined through a line-up of another relations:
Ri(z11,Z12, -y Y11, Y12, ---) &= VZ21VZoo...Ro(Z11, 12, -y T21, T22, -y Y11, Y12, ---)
Rz(wll, T12, .-y L21,T22, ---, Y11, Y12, ) =
Jy213y22...R3(T11, T12, .oy T21, T22, --vy Y11, Y125 s Y21, Y225 ---)

Rzn_g(wll, T12 -4y -+ 1 Tnl, Tn2,---, Y11, Y125 -y -+ 1 Yn—-1,1,Yn—-1,2, ) = Elynlﬂynz... Fo.

It is easy to show, each of these definitions is divided into two sentences in V3-form.

Example 1.6. The axiom of arithmetic about existence of zero is:

E|1N]_VN2 Né ;é N]_.
where “’” - a symbol of a successor operation.
For reduction to V3-form we enter the new relation 0:
0(Ny) & VN, Ni # Nj.
As a result we have 4 sentences in V3-form:
VN]_VNZ O(N]_) g Né 75 N]_.
VN]_HNZ O(N]_) — Né 75 N]_.
AN; 0(N,).
VN,V N> _|0(N1) \Y —|0(N2) V Ny = N».

Thus, the axiom of existence of zero is simultaneously a definition of zero as a constant. [

Example 1.7. To illustrate a transference of existential quantifiers into A-clauses, we consider

definition of the unordered pair in the classic set theory (the reduction to the clause form is well for
every theory, consistent or inconsistent, symbolic or semantic):

{X1, X2} =X3 2VXy Pr(Xy)V(Xs € Xs 2 Xy =X; VXy = Xo)
where X1, X5, X3, X4 are classes, Pr is the relation “to be proper class”.

The reduction of this definition to the first normal form has the following sequence of transforma-

tions.

The addition of universal quantifiers:

VX1 VXV X3 {X1, X2} = X3 2 VX, Pr(Xa)V(Xs € Xz 2 Xy =XV Xy =Xo).

The transformation to the prenex form:

VX VXV X33Xy {X1,Xo} = X3 VPr(Xa) N (Xs & Xz 2 Xy =Xy VX =Xo)
VX VX VX3VX, {X]_, Xz} #* X3V PT‘(X4) V (X4 EXs2 Xy =X1VXy= Xg)

The transformation to V3-form changes nothing.

The reduction to DNF of the first of these formulas:

VX1 VXV X33X, {X]_,Xg} =X3V (ﬁP’I‘(Xz;) N Xg ¢ X3 AN Xy = X]_) \
(ﬁP’I‘(Xz;) N Xg ¢ X3 AN Xy = Xg) \ (ﬁP’I‘(Xz;) ANXy EXsNXy X1 NXy # Xz)
The transformation with usage of properties of equality:
VX VXV X33dX, {X]_,Xg} =Xz V ﬁPT(X]_) N X1 ¢ X3 V
_|PT(X2)/\X2€X3 V X4 € XsNANXa# X1 NXa# Xo.
Also at this transformation the next formula is used:
—|P7‘(X4) ANXy € X322 Xy € Xs.

The transference of the existential quantifier to A-clauses:

VX1VXoV X3 {X]_,Xz} =Xz V (“PT‘(X]_) A X1 ¢ X3) \Y (“PT‘(Xz) N Xo ¢ X3) \
(E|X4 Xy EXsANXy ZX1NXy # Xz)

The reduction of this sentence to CNF:

VX1VXoV X3 ({Xl,Xg} = X3V _|P7‘(X1) \Y _|P7‘(X2) VX, Xo EXgANXa A Xi N Xy # Xg)/\
({Xl,Xz} = X3V _|P7‘(X1) V Xo ¢ XgVAXy Xs E XsAN Xy £ X1 NXy £ Xz)/\
({X]_,Xz} = X3V X, ¢ X3V ﬁPT(Xg) VIXy Xa €EXgNANXa #F X1 N Xy # Xz)/\

({Xl,Xg} =X3V X, ¢ X3V Xo ¢ X3VAXy X € XsN Xy X1 N Xy #Xg)
The partition of the sentences into separate formulas:
VX VX VX3 {X]_, Xz} = X3V ﬁPT(X]_) \Y ﬁPT(Xg) VIXy Xa € Xz N Xy # X1 N Xy # Xo.
VX1VX5V X3 {X]_, Xz} =X3V _|PT'(X]_) VvV X5 ¢ X3VaAXy Xy € XaNXy # X1 N Xy # Xo.
VX VX5V X3{X1,X2} = X3V X, i X3V _|P7‘(X2) VdXs Xa € Xg N Xy # X1 N Xy # Xo.
VX VXV X3 {X]_,Xg} = X3V X1 ¢ X3V Xo ¢ X3VaAXy Xy € Xs N Xy £ X1 N Xy £ Xo.
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The reduction to CNF of the second source formula:

VX VX VX3VX,y ({Xl,Xg} # X3V PT(X4,) VXs €EXsVXy# Xl)/\
({Xl,Xg} # X3V P’I‘(X4) VXs€EXsVXy# Xg)/\
({X]_,Xz} #* X3V PT‘(X4) V X, ¢ X3sVXys=X1VXy= Xg)
The transformation with usage of properties of equality:
VX1VX, VX, (P’I‘(Xl) VX € {X]_, Xz}) VAN (P’I‘(Xg) VX, € {Xl,Xg})/\
(X4 i {Xl,Xg} VX =X1VXy = Xz)
Also at transformation the next equivalence is used
PT(X4) VvV X, i X3 2 X, i Xs.

The division of sentences of this CNF into separate formulas:

VX1VXs P’I‘(Xl) VX € {X]_, Xz}.

VX1VXs P’I‘(Xg) vV X, € {X]_, Xz}.

VX VX VX, Xy ¢ {Xl, Xz} VX, =X1VXy = Xz)

The change of variable denotation (in both initial formulas):

VziVeoVes {z1, 22} = 23V ~Pr(z1) V 7 Pr(z2) Va1 a1 € 23 A a1 # 1 Aay # Ta.
VziVeoVes {z1,z2} = 23V ~Pr(z1) Vo ¢ 23V Jag a1 € T3 Aay # 1 A ay # To.
Vz,VzoVzs {z1,z2} =23V 1 ¢ 23V Pr(z2) Vda; a1 € 23 Aay # 1 Aay # To.
Vz,VzoVes {z1,z2} =23V 1 ¢ 23V € 23V day a1 € 23 ANay # Ty Aay # To.

VziVey Pr(zi) VvV zi € {z1,22}.
VziVey Pr(ze) V zs € {z1,22}.
Vz1VzoVTs T3 % {(El, (Ez} VI3 =21 VT3 = .’112).

The removal of quantifiers:

{z1,z2} =23V ~Pr(z1) V Pr(z2)Va; € z3 Aay # 1 Aaj # Zo.
{z1,z2} =23V Pr(z;)Vze ¢ z3Vas € z3Nay # 1 ANay # Zo.
{z1,z2} =23V 1 ¢ 3V Pr(ze) Var € T3 Na1 # 21 A ap # To.
{1:1,1:2}:1:3\/.’111 %.’113\/1:2 ¢$3\/0,1 ExsNay #T1 Aay # To.

Pr(zi) Vz; € {z1,z2}.
Pr(zz) Vzp € {z1, 22}
T3 ¢ {1121,1122} VT3 =21V T3 =2Ts.

The reduction to the first normal form is finished.

The received system of the formulas is more complex than the initial formula, but it ensures a
uniqueness of presentation. Besides, after enough experience these formulas are easily interpreted.
But the main thing is that the reduction to the first normal form is a necessary condition of computer
formalization. [

1.3. Second Normal Form.

The second normal form is destined for constructing models of defined objects in a theory.
The reduction to this form is defined by a sequence of steps in accordance with the following rule.
Rule 1.8 of reduction to the second normal form:
- the reduction of positive definition to the first normal form, and the defined relation must be in
the beginning of each formula;
- the replacement of A-clauses in the sentences by new relations and the addition of positive defi-
nitions for these relations (such definitions do not contain variables, bound by existential quantifiers);
- the transformation of all positive definitions into back implication with the defined relation as
the left part and with negation of the other part of the definition as the right part of back implication.
On it the construction of the second normal form is finished. The right part of back implication
contains an A-clause. All variables of this clause absent in the left part, are connected by implicit
existential quantifiers.
Below, for obviousness, we use the old denotation of variables in the second normal form.
Example 1.9. We shall present in the second normal form a positive definition of the unordered
pair:
{z1,z2} =23V Pr(z1) V- Pr(z2) Vai € T3 N a1 # 1 A\ a1 # To.
{z1,22} =23V Pr(z1)Vza ¢ z3Var € T3 N a1 # 1 A a1 # To.
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{z1,z2} =23V 1 ¢ T3V Pr(z2)Var € z3Nay # 1 Aay # To.
{.’111,.’112}:.’113\/1:1 ¢.’113\/.’112 i Tzz3Vay ExT3Nay # 1 ANay % To.

We shall replace the A-clause with variable a; by the relation New(zi,2,z3) and add positive
definition of this A-clause:

New(z1,Z2,23)VTs € T3V Ts =21V Ty = To.
{z1,z2} = z3V ~Pr(z;) V -Pr(zz) V New(z1, 2, Z3).
{z1,22} =23V ~Pr(z;) Vze ¢ 23V New(z1, Z2, Z3).
{z1,22} =23V 1 ¢ T3V Pr(zz2) V New(z1, z2, Z3).

{z1,22} =23V 1 ¢ 23V T2 ¢ T3V New(z1, 22, Z3).
These formulas are transformed into back implication form:

New(zy,T2,T3) ¢ Ta € T3 ATy # Ty N\ Tq # To.
{z1,z2} = z3 < Pr(z1) A Pr(z2) A " New(zy, z2, Z3).
{z1,22} = z3 < Pr(z1) ANzy € 23 A " New(z1, T2, Z3).
{z1,T2} = z3 « 21 € T3 A Pr(z2) A "New(z1, T2, T3).
{z1,T2} =23 < 21 € T3 A T2 € T3 A "New(z1, T2, T3).

In the first of these formulas the variable z4 is connected by an existential quantifier, but in logic
programming such variables have not any special identification. The other rule acts here: all the
variables met only in the right part are connected by implicit existential quantifiers.

The absence of special identifications for a variable, bound by existential quantifiers, allows to
return to old identifications (in the first normal form this is impossible):

Ne’w(Xl,Xg,Xg,) — Xy €E XsANXy £ X1 N Xy # Xo.
{Xl, Xz} = X3 P’I"(Xl) A P’I‘(Xg) A —|New(X1, Xo, X3)
{Xl,Xg} = X3 + PT(Xl) AN Xs € X3 A —|New(X1,X2,X3).
{X]_,Xg} =Xz X1 € X3 PT‘(Xz) VAN ﬁNe'LU(X]_,Xg,Xg).

{Xl,Xz} =Xz X1 € XsNXa€ X3 A _|N6’LU(X1,X2,X3).

These formulas have the next interpretation.

In the first formula the relation New for each X; and X, contains the list of X3 and every X3 has
one or more members not equal to X; and X».

We can use New, but not complement to New, in the other formulas. E.g. in the last formula we
can construct set X; € X3 A Xy € X3 and remove all its members, met in New (it is a set difference).

The given example is only demonstration, because all its relations are infinite. [

As it follows from the second normal form, the right part of the formulas contains only conjunctions
of literals. The disjunction of literals is contained indirectly in these formulas, through operation of
back implication.

1.4. Undefined Notions of Logic.

After reducing axioms of all the first order theories to the first normal form and all positive
definitions to the second normal form we can construct axioms of the first order logic.

While constructing these axioms we use the experience accumulated in the computational logic.

Basic in the computational logic is the experience of constructing programs for theorem proving.
All further account uses this experience.

It is known, any computer program, including theorem proving program, can be present by means
of logic programming as sets of formulas, and each formula is an axiom. As the theorem prover
consists of a very large number of formulas, the number of axioms of the first order logic is great and
is measured by thousands. Only some of them will be given below, and without reduction to VACNF.
This will allow to increase the number of the axioms a little more. A special series of articles will be
dedicated to a full exposition of the first order logic axioms.

First of all, the logic axioms include the four axioms of arithmetic [4]. Therefore, undefined
relations of the logic are the sort N, interpreted as the set of natural numbers, and the successor
function “’ .

Besides, there are 4 undefined notions. They are: Relations, Functions, Theories and Models.

The four-place Relations defines sorts of variables met in a relation of a theory.

The first argument Relations contains the code of a theory, the second argument - the code of a
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relation, the third argument - the serial number of place in the relation (numbering starts with 0) and
the last argument - the code of a sort. The function (and constant) symbols are present in Relations
as relation symbols.

The three-place F'unctions defines the number of places for function values in a functional relation.
The first place of Functions is for code of a theory, the second - for code of a relational symbol of
the theory, the third - for the number of places for function values in the relation. These places must
be last in relations.

The six-place relation T'heories defines axioms of each theory, parts of these axioms, symbols of
these parts, and kinds of these symbols. The places of T'heories contain:

- the code of a theory;

- the serial number of an axiom in this theory;

- the serial number of a part of the axiom (any axiom has some parts, part 0 is the V-clause, part
1 is the first A-clause, part 2 is the second A-clause etc.);

- the serial number of a symbol in the part;

- the symbol code;

- the symbol kind.

There are 6 kinds of symbols:

0 - a symbol of a relation without negation;

1 - a symbol of a relation with negation;

2 - a symbol of a function or a predicate into a relation;

3 - a symbol of a variable bound by a universal quantifier;

4 - a symbol of a variable bound by an existential quantifier in V3-prenex forms

5 - a symbol of a variable bound by an existential quantifier in dV-prenex forms

The code of a variable is its subscript. This code is the positive number, because code 0 is for
anonymous variables. Variables, bound by existential quantifiers are numbered anew in each A-clause.

The last undefined relation Models lists formulas for constructing theory models. It has 5 places:

- the code of a model,

- the serial number of a formula in this model;

- the serial number of a symbol in the formula;

- the symbol code;

- the symbol kind.

Kinds 4 and 5 are absent, since the type of a quantifier is defined automatically in this case.

Example 1.10. As an example we again consider the first axiom of the unordered pair:

{z1,z2} =23V Pr(z1) V- Pr(z2) Vai € T3 AN a1 # 1 A\ a1 # Ta.
The interpretation of Relations and T'heories for the given axiom is present in tabular form.
Relations Theories
Theory | Relation | Argument | Sort Theory Axiom Part
place NBG | Pair —1 0
NBG = 0

Z
)

Symbol | Kind

{
T1
T2
T3
Pr =
T1
Pr =
T2
€

O O N B+~ O -
I I

00 O UL WK OO0 O Ui W NN O
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For obviousness the codes in columns are substituted by the corresponding identifications, and
repeated values (in the left columns) are removed. As it follows from the right table, there is one-to-
one transformation between classic and computer (without brackets and logical symbols) presentations
of the formulas in the first normal form. O

The properties of undefined relations are set by the corresponding axioms of logic. Some of these
axioms are indicated below.

Axiom 1.11. Relations(Nj,) — Relations(Ny,).

The theories are encoded since 0 in succession. It allows automatically to assign codes to the
new theories. The absent arguments in this axiom are the anonymous variables, the values of these
variables are skipped. Generally relation with anonymous variables is interpreted as a set (table) with
removed places (columns) for anonymous variables.

Axiom 1.12. Relations(Ny, N3, ,) A N > 3 — Relations(Ny, Na,, ).

The symbols of the relations in each theory are encoded since 3 in succession. The code 0 is
reserved for a symbol of equality “=", code 1 - for a symbol of “<”, code 2 - for a symbol “<”.

Axiom 1.13. Relations(Ni, No, N}, ) — Relations(Ny, N2, N3, ).

Places in relations are numbered since 0 in succession.

Axiom 1.14. Relations(,,,N;) — Relations(,,, N1).

Sorts in relations are numbered since 0 in succession.

Axiom 1.15. Relations(Nl, Ng, N3, N4) A Relation(Nl, N2, N3, N5) — Ny = N5.

This means Relations is functional.

Axiom 1.16. Relations(Ny, Ns,,) < Functions(Ny, N»,).

The codes of functions should be present in Relations.

Axiom 1.17. Relations(Ny, Ns,,) & Theories(Ny,,,,N2,0) V Theories(Ny,,,, No, 1)

Codes of the relations, introduced in Relations, should be present in T'heories, and on the con-
trary, codes of the relations in T'heories should be present in Relations.

The similar axioms are present for the other undefined relations too. Besides, the additional
axioms provide a uniqueness of presentation of the theories, including the absence of isomorphism
and subsumption.

Definition 1.18. The first order theory axiom is named subsumed, if it received from the other
axiom at:

- the substitution of one or several variables by terms;

- the joint of the arbitrary formulas by disjunction.

Definition 1.19. An axiom is named auto-subsumed, if it contains superfluous literals (in V-clause)
or superfluous A-clauses.

In particular, an axiom is auto-subsumed, if it has duplicate literals (in V-clause) or duplicate
N-clauses.

Theorem 1.20. A literal in a V-clause s superfluous, if this literal has local variables (t.e.
variables located only in this literal) and there is an substitution of these local variables such
that substituted literal becomes equal to any literal of the V-clause.

Proof: The axiom without the superfluous literal is deduced from the axiom with the superfluous
literal. Therefore, this literal is really superfluous. O

2. Set Theory

Except atoms to be the natural numbers, there are two atoms which are logic objects f (“false”)
and ¢ (“true”). These objects are 0-place relations.

The 0-place relations have no variable. So they are prime propositions [5].
It means the term “variable propositions” is not valid, but the term “undefined propositions” is
valid. Such propositions are pseudo-variables and the collection A of two atoms f and £ is pseudo-set.
Then Ay, A1, As,... are arbitrary members of A or symbols of pseudo-variables. The pseudo-variables
can not be connected by quantifiers. Only this differs them from variables.

The classic set theory has neither set nor class, containing both atoms f and ¢, since atom ¢

becomes universal class. So the classic set theory is monatomic. Its atom is f.
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Below we treat atoms only as the natural numbers. We call sets generated by them as natural
sets. The theory of natural sets we call N S-theory.

Note, any natural number is a relation in the relational logic. This relation is interpreted by a set
with one member. But this member is the natural number too. Therefore, this member is a relation
interpreted by a set with one member, etc., till infinity.

So we must separate terms “relation” and “set”: the relation is an object of theories, the set and
its members - objects of models. It means there is the relation 0 (an object of a theory) and there is
the atom 0 (an object of a model). They are different objects, but below we do not introduce new
identifications to differ them.

Therefore, in the relational logic there are theories and there are models, and there is no theory
of models. But the theory of models, as well as the theory of sets, exists in metalogic. We shall use
classic logic as such metalogic.

The set theory is called arithmetic (AS) if its objects constructed from the set of natural numbers
by a finite number of the operations of direct product and power set. AS-theory is a part of NS-theory
(see below).

Now we construct AS-theory by means of classic logic.

In theory AS there are collections that are not sets. So we introduce the term “class”. This term
includes both sets and not sets.

Undefined symbols of the theory AS are predicate symbol “€” (the symbol of the relation of
membership), one-place function symbol “ ' ” (the symbol of the succession), two-place function
symbol “<  >" (the symbol of the ordered pair) and one sort of variables “X”, interpreted as
collection of all classes. In the relational logic this sort does not exist.

It is necessary to mark, the definition of the classic ordered pair uses non-arithmetic sets. For
example, the pair < 0,{0} > is defined as set {{0},{0,{0}}}. But this set and its member {0,{0}}
have common member {0}. Therefore, in the relational logic the ordered pair is undefined notion.

We begin from the definition of the other notions of theory AS.

Definition 2.1.  Atomic(X;) 2@ VX, X ¢ X;.

The atomic class Atomic(X;) does not contain members. But it is not an empty class, because
the empty class is a nonexistent class.

The nonexistent class can be denoted by the symbol f (false). But the symbols ¢ and f are not
objects of the theory AS, since they are easily replaced by formulas and these formulas are not to
contain these symbols. So symbols ¢t and f are not used below, and we always means the empty class
as the nonexistent class.

Corollary 2.2.  Atomic(X,)V Xo ¢ X; & Xo ¢ X;.

—Atomic(X1) AN X € X1 2 Xo € X;.

These formulas are an example of auto-subsumption, since the left part of the formulas contains a
superfluous literal.

Definition 2.3. M(X;) @ (3X: X2 € X3) AIXy Xy € Xo.

The set M(X1) is defined as a class containing other classes as members and being a member of
some other class.

Corollary 2.4. M(Xl) ANXoeXiNX1€EX32 Xo€ X1 NXy € Xs.

M(X)) VX g Xa VX1 ¢ Xs2 Xod X1 VX ¢ Xs.

Definition 2.5. Pr(X;) 2@ VX, X; ¢ Xo.

The proper class Pr(X;) is not a member of other classes.

Corollary 2.6. Pr(X;)V X; ¢ Xo 2 X; ¢ Xo.

_|P7‘(X1) ANXy € Xo 2 X1 € Xs.
Theorem 2.7. If the proper class X1 1s a member of X», then X1 can be removed from Xo:
P’I"(Xl) ANXi € Xy — Xy i Xs.

Proof: The theorem follows from the definition of Pr. O

Inverse is not true:

Theorem 2.8. It is tmpossible to add the proper class X, to the class X1 as a member:

ﬁ(PT‘(X]_) N X1 ¢ Xo— X, € Xz)

Proof: The theorem follows from the existence of Pr. [
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Both theorems are true in the classic set theory too.

Further we shall define the notion of equality of classes.

Definition 2.9. Atomic(X;) V Atomic(X2) V (X1 = Xo @ VX3 X3 € X1 & X3 € Xo)

If the classes that are not atomic consist of identical members, these classes are equal.

The equality of atomic classes is defined in more complex way, since the atomic classes are divided
into ordered pairs and atoms (natural numbers):

Axiom 2.10 (OP). Atomic(< X1, X2 >).

Definition 2.11. Atom(Xl) = Atomic(Xl) AVX VX3 X1 #< X0, X3 > .

Corollary 2.12. Atomic(X;) & Atom(X;) VIX23X3 X1 =< X3, X3 >.

The ordered pairs are equal, if their first and second elements are equal:

Definition 2.13. < Xi1,Xp >=< X3,X3 >2 X1 = X3 A Xo = X4

We shall define ordered n-tuple:

Definition 2.14. < X1y oo X >=<< X1, .., Xpn_1 >, X >.

Corollary 2.15. < Xl,l, vy Xl,n >=< X2,1, vy Xz’n > Xl,l = Xz’l VAN Xl,n = Xz’n.

Ordered n-tuples are equal, if their :-th elements are equal.

The atom can be defined more detail with help of the axioms of arithmetic. There are 4 axioms.

The first axiom of arithmetic states the successor function is injective:

Axiom 2.16 (Arl). Atom(X1) # Atom(X3) V Atom(X,) = Atom(X>).

The second axiom is 0 definition:

Definition 2.17 (Ar2). 0 = X; 2 VX, X5 # X;.

It means there is no class preceded 0.

Now it is possible to give a recursive definition of the atom:

Definition 2.18. Atom(X;) @ X; = 0V 3X, Atom(X2) A X1 = X5,

As it follows from this definition:

- 0 is an atom;

- if X, is an atom, then X} is an atom too;

- other atoms do not exist.

The third axiom of arithmetic put up the order into the class of atoms:

Axiom 2.19 (Ar3). ~Atom(X;) V X1 < Xj.

The fourth axiom removes all the atoms between X; and Xj:

Axiom 2.20 (Ar4). ~Atom(X;) V ~Atom(X2) V X1 < X2V X2 < X;.

As it follows from two last axioms and from transitivity of an order, the order is linear:

—|Atom(X1) \Y —|Atom(X2) VX <XV Xy <Xy

In more detail about the axioms of arithmetic see [4].

We should add several axioms to the axioms of arithmetic.

Axiom 2.21 (Arb). There is a class, which members are the atoms and only atoms:

HX]_VXZ Atom(Xg) = Xz S X]_.

So we have the definition of the class N as the class of all atoms (in arithmetic this class is
undefined):

Definition 2.22. N = X; @ VX, Atom(X:) @ X, € X;.

Further we define the relation of including for classes.

Definition 2.23. X1 CXs &2 ﬁAtomic(Xl) NX1# Xo ANVX3 X3 i X1V X3 € Xo.

So the class X; is included in the class X5, if all members X; are members X5. The class X; is
also named subclass X5.

As it follows from this definition, if the class X> contains 7 members, then a number of its subclasses
equals 2™ — 2, since the empty class and (for symmetry) class X, are removed from subclasses Xo.

Definition 2.24.  P(X;) = X2 & -Atomic(X1) ANVXs X3 C X1 & X3 € Xo.

The class X5 of all subsets of the class X; is defined. The class X5 is also named power.

The class X; should not be atomic, since if this condition is removed, then P(X;) = X, will be
true for any atomic classes X; and Xo.

Definition 2.25. X; x Xp = X3 & -~Atomic(X1) A ~Atomic(X2) AVXy Pr(Xa)V

(X4 € X3 2 dXsdXe X4 =< X5,X6 > NXs € X1 N Xg € Xz).
This is the definition of the direct product.
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Further we shall specify the notion of a proper class and set, as well as the notion of the atomic
class.

Definition 2.26. Pr(X;) &

X1=NV (E|X2 PT‘(Xz) ANXy = P(Xz)) \Y 3X23X3 PT‘(Xz) A PT‘(Xg) ANXp = Xo9 X X3.

This is the additional definition of the proper classes. The proper class is:

N;
a power class of a proper class;
a class of a direct product of proper classes.
Other proper classes do not exist.
Theorem 2.27. The proper classes have no common members:
_IP’I‘(X]_) \Y _|P7'(X2) V X3 ¢ X1V X3 ¢ XoV X1 = Xs.

Proof: We shall use the rule of the generalized induction (see section 3.2.7).

According to this rule some statement is deduced, if the following conditions take a place:

- the relation used in the statement is defined recursively (in this case - Pr);

- the statement is deduced before the beginning of the recursion;

- from a deducibility of the statement for some stage of recursion we have the deducibility for the following
stage of recursion.

The difference from the usual rule of induction is that a step of recursion is substituted by a stage, i.e., a
group of steps.

For example, at the first stage of a recursion we received P(N) and N x N, at the second stage - P(P(N)),
P(Nx N), Nx P(N), PIN)x N, NxN x N, P(N) x Nx N and N x N x P(N).

The given theorem is a valid formula at X; = X, = N, i.e. before the beginning of the recursion.

Let all proper classes have no common members at a stage n. Let X; and X, (X; # X2) be proper classes,
one of these proper classes (for example, X;) is received at a stage n + 1, the other one - at a stage < n. We
shall show, these classes have no common members too.

Let X; and X, have a common member X3 and be received at the stage n + 1. We shall prove, this
assumption leads to inconsistency.

It is clear, X3 is not an atom.

If X3 is a set, then there are proper classes X, and X5, received at the stage n and X3 is the subset of every
of them. It means, both classes X, and Xy have all members of X3 as common members. This contradicts to
the given conditions.

If X3 is an n-tuple, then X; is a direct product of Xi; and X, is direct product of X5;, 1 < ¢ < m. Every
X1; and every X»; are N or a power set.

If Xy; is N, then X5; is N too. So Xy; = Xo;. If Xix is a power class, then Xy is a power class too and
both classes are received at a stage < n. But these classes have a common member and again it contradicts to
the given conditions.

But X; can be received at the stage n + 1 and X, can be received at a stage < n. Repeating the same
arguments we shall come to the same inconsistency. The proof is complete. O

Corollary 2.28. M(X;) & 3Xs Pr(Xs) AN X1 C Xo

So any set is a subclass of only one proper class. Other sets do not exist.

The proved theorem allows to expand the domain of the successor function.

Definition 2.29.  Xg #< X1, ..., Xn > V(X = Xnt+1 & Pr(Xp41) A Xo € Xnt1).

The successor function of an n-tuple is a proper class, including this n-tuple.

Definition 2.30. —M(X;)V (X] = Xz & Pr(X2) A X1 C Xa).

The successor function of a set is a proper class, including this set.

Definition 2.31. —=Pr(X;) VvV X{ = X;.

The successor function of a proper class is this proper class.

So the successor function becomes defined everywhere (existence axiom 2.43 (Ar0) for this function
is given below).

Theorem 2.32. If X 15 a member of the proper class X1, then Xs and X, have no common
member:

_|P7‘(X1) V Xo ¢ X1V X3 ¢ XoX3 ¢ Xi.

Proof: Again we use the rule of the generalized induction.

For X; = N the theorem is true.

Let the theorem be true at a stage n and let the proper class X; be received at a recursion stage n + 1. We
must show, any member X; has no common member with X;.
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It is true, if X; is a direct product of proper classes.

Let X; be power of the proper class X, received at the recursion stage n. And let X; and its member X,
have the common member X3. We shall prove, this assumption goes to the inconsistency.

It follows from the given assumption,

X2 C Xy X3 C Xy X3 € Xy X3 € X4.

Therefore, X3 is a member of X, and all members X3 belong to X,. But this contradicts the initial
assumption. The proof is complete. O

Corollary 2.33. X, ¢ XoV Xo ¢ X3V X, ¢ Xs.

This corollary has three wordings:

- the membership relation is non-transitive, i.e. from X; € X, and X, € X5 we can not deduce
X1 € Xs;

- the class X3 and its member X5 have no common member X;

- the class X5 and its member X; can not be members of the other class Xs.

So the statements “a set is non-transitive” and “a set and its member have no common members”
are the same.

The given corollary is deduced from the theorem. Otherwise the proper class, which subset is X3,
and a member X> of this proper class would have a common member X;.

According to the axiom of regularity, in the classic set theory there is a member of a class and
this member does not contain common members with this class. In the given corollary existence is
replaced by university.

Corollary 2.34. VXlﬁ(VXg Xz ¢ X]_ \Y Xz C X]_)

The transitive sets do not exist. Otherwise this set and its member would have common members.

Theorem 2.35. The class can not contain n-tuple with an element to equal this class:

<y X1, >¢ X

The theorem has other wording - no proper class X» contains X; with a member < ..., X1, ... >.

Proof: We use again the rule of generalized induction.

For X5 = N the theorem is obvious.

Let the theorem be true at a recursion stage n. We must prove, the theorem is true at a stage n + 1.

Let the proper class X, be received on a recursion stage n + 1. Also let the class X, contains X; with the
member < ..., X1, ... >. We shall show, these assumptions goes to the inconsistency.

There is a proper class X3 and X, = P(X3). This class is created on the stage n and X is its subset.
Therefore, all members X3 are n-tuples and one of the n-tuples is < ..., X3,... >. It means X3 = ... x Xz X ...
where X, is a proper class of previous stages.

The class X4 contains the member X;, but X; contains the member <..., X;...>. We have inconsistency:
the proper class, created on the stage below n, contains X; with a member <..., X1, ...>. The proof is complete.
O

Theorem 2.36. Infinite descending €-sequence does not ezist:

ﬁ( ANXs e XoNXsy € Xl).

It is an analog of the funded theorem.

Proof: This sequence can not be a proper class. It is deduced from the negative definition of proper classes.
So this sequence can not be a set or atomic class at all. O

Theorem 2.37. Finite €-cycle does not exist:

(X1 €EXoANXo € X3 N .. AN Xy € Xy).

Proof: It is proved by generalized induction. [

We go on definitions.

Definition 2.38. XiNXyo=X32VXs Xa € Xg 2 Xa€ X1 NXs € Xo.

The ntersection of classes is defined. The existence of this operation follows from axiom 2.46
(B2, see below).

Definition 2.39. X1 = X, 2 VX3 X3 ¢ XV (Xs€ X2 X3¢ Xq)

The class X5 is a complement of X1, if both classes have no common members, and every member
of proper class included X; belongs to one of the classes X; or X»>. The existence of this operation is
set by the axiom 2.47 (B3, see below).

The defined complement has all the same properties, as classic defined. In particular we have
1 = X]_.

all
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Definition 2.40. X; U Xp = X1 N Xo.

The unzon of classes is defined as a complement of intersection of complements of these classes.

Definition 2.41. {Xl, Xz} =X32VX, PT(X4) \Y (X4, EXs2 Xy, =X1VXy = Xz)

The unordered pair is defined.

Axiom 2.42 (P). VX1VX>3X3 (Atom(X1) A Atom(Xz) V X| = X A—-Pr(X1) AN—Pr(Xz2)) —

{Xl, Xz} = X3.

It is the existence axiom for the unordered pair. The pair arguments can be either atoms, n-tuples
from the same proper class, or sets from the same proper class.

If both arguments of an unordered pair are proper classes, the unordered pair is not a function:
any atomic class becomes the value of the “function”. If only one argument is a proper class, this
argument becomes fiction (see theorem 2.7).

So the existence axiom is true not for all values of arguments.

Axiom 2.43 (A’I"O) VXoVX13X5 P’I‘(Xo) A (X1 e XoVX = Xo) — X5 = X]I_

The existence axiom for the successor function. This function becomes a collection of functions.
Each member of this collection has its own proper class X, as the range of definition. The general
successor function has no class to be a range of definition.

Note a proper class can be a member of range of definition. But such a member can be removed
from the range of definition (see theorem 2.7).

Axiom 2.44 (BO) VX VX VX3VX 3 X PT(Xl) VAN PT(Xg) VAN (X3 e X1VXs= Xl) VAN
(X4 e XoVXy= Xg) — X5 =< X3,X4 >.

It is the existence axiom of the ordered pair. This function is also a collection of functions and
any member of the collection has X; x X» to be a range of definition.

Axiom 2.45 (Bl) VXodX VX,V X3 PT‘(X[)) VAN (Xs S P(Xo) V X3 :Xo) NXpe X3 =<Xs, X3>€ X1,

The existence of c-relation is stated for each proper class Xy. For a given X, €-relation has
Xo x P(Xp) as the range of definition.

Axiom 2.46 (B2) VX 1VXsdXs (3X4 X e X1 NXy € Xz) - X3=X1NXs

The operation “ N ” exists, if the intersection of X; and X5 is not empty.

Axiom 2.47 (B3) VX1§|X2 M(Xl) — X2 = 71.

The complement exists for any set.

Axiom 2.48 (B4). VX; (3X23X3 ~Pr(X)A < Xo, X3 >€ Xp) = IXoV X3 ~Pr(X3)V

(X3 € Xo 21Xy < X3,X4 >€ Xl).
The range of definition exists for all classes, if members of these classes are the ordered pairs.
Axiom 2.49 (B5). VXoVX13XoVX3VXy Pr(Xo) A ~Atomic(X1) A X3 € X1 —
(< X3, X4 >€ Xo 2 X4 € Xo).

There exists a class X» of ordered pairs with the second fictive elements. Each member of non-
atomic class X; is the first element of this ordered pairs.

Axiom 2.50 (B6). VXi(3X23X33Xy < X, X3,Xs >€ X1) — IXVXVX VX5

(< X3,X4, X5 >€ Xy @< Xy, X5, X3 >€ X3).

The cyclical permutation of the members in triples exists for any class X, if members of this class
are triples.

Axiom 2.51 (B7). VXi(3X23X33Xy < X2, X3,Xs >€ X1) = IXVX3VX VX5

(< X3, Xg, X5 >€ X2 @< X3, X5, Xa >€ X1).

The permutation of two last members in triples exists for all classes, if members of these classes
are triples.

On it the construction of the theory AS is finished.

We shall apply this theory to model construction.

In the relational logic the set of the models is very limited, so some theories have no model, for
example, the classic set theory. Such theories in the relational logic are inconsistent.

The consistent theory should have one or more models.

Definition 2.52. The theory is arithmetic, if it has the unique model (except isomorphic). The
theory is algebraic, if it has several non-isomorphic models.

The algebraic theories require the extension of the theory AS for including collections of the
models. This extension is realized by introduction of algebraic classes.
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We recall, all considered till now classes are arithmetic, since the theory AS is theory of arithmetic
sets and classes.

Definition 2.53. The algebraic class is a collection of arithmetic classes, if this algebraic class is
not arithmetic.

So the algebraic class can contain proper classes as (nonempty) members (the arithmetic class can
contain proper classes only as empty members, see above).

Definition 2.54. The wuniversal class of order 0 is an algebraic class with every arithmetic class
as a member. The unwversal class of order 1 is a collection of every arithmetic and algebraic classes
as a member (because it is a universal class).

The universal class of order 0 met by above as a collection of arithmetic classes X. All models of
arithmetic theories belong to this class.

The universal class of order 1 has all collections of the models. Every algebraic theory has one of
these collections.

If we investigate models of a set of algebraic theories, we need the universal class of order 2. This
class has all arithmetic and algebraic classes and all collections of algebraic classes. All models of
every set of algebraic theories belong to this class.

There are universal classes of order 3 and more, but the necessity of their practical usage is
doubtful.

Thus, beginning from non-transitive sets we can construct universal classes of the unrestricted
power. But these classes have the other very strict limitations such as in the typed theory.

The collection of universal classes of all orders (finite and infinite) forms the natural set theory.

In conclusion we shall mark, the basic defect of the theory AS is next: though the complement to
a set is a set (in contrast to the classic theory), but it is bad for interpretation of negation of a relation.
This defect is not removed even by powerful means of classic logic because negation of relations used
domains instead of proper classes. But these domains are not proper classes as a rule.

3. Finite Logic.

The finite logic is a science of constructing an axiom set of theories and their models of potential
infinity.

The finite logic is the relational programming. Basic problem of this logic is a computer construc-
tion of theories (knowledge bases) and their models (data bases). It is supposed, every knowledge can
be present as an axiom. If these axioms are in the first normal form, they are a program, ready for
execution on computers to construct theories. If these axiom are definitions and present in the second
normal form, they are a program, ready for execution on computers to construct models.

Section 3.1 is dedicated to model construction by iteration rule.

Section 3.2 is dedicated to theory construction by resolution, paramodulation and finite descent
rules.

3.1. Model Construction (Logic Programming).

The model construction for a theory is a model construction of all relations of the theory. The
models of undefined relations are given sets, the models of defined relations are calculated with the
help of positive definitions of the relations.

Calculation of an explicit defined relation is simple. Calculation of a recursive defined relation is
iterative.

Before the beginning of an iteration we should have an initial set of n-tuples for calculated relation.
The set can be empty. At the first iteration this set is used for calculation of the right part of the
relation definition. The calculation result is joined with the initial set and becomes a new set. This
new set is used for calculation of the right part of the relation definition at the second iteration, the
calculation result is joined with this set. The resulting set is again used for calculation of the right
part of the definition at the third iteration etc. Calculations are finished, if the fixed point is reached,
i.e. when other iterations do not change the calculated set.

The recursive relation calculation is alike the recursive function calculation. But the recursive rela-
tion definitions have negations and iterations become more complex. There are cases when iterations
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become impossible for potential infinite sets.

The investigation of such cases is one of the basic problems for the finite logic, but below these
problems are not considered.

Below we shall suppose, all formulas (axioms) of theories are in the first normal form and all
formulas (definitions) of models are in the second normal form.

3.1.1. Logic and Set Theory.
We use either logic or set theory notation for a theory or model construction.
Usage of the logic notation we shall name as the logic way, usage of the set theory notation - as
the set theory way.
These two ways seem to be one-to-one. For example:

Set theory way Logic way

X1 N Xy X]_(:E]_)/\Xz(fll]_)
X1 UXo X]_(:E]_)\/Xz(fll]_)
71 ﬁX]_ (CC]_)

Below it will be shown, so simple dependence is absent.

Let us formulate the ground rules of the logic way.

Rule 3.1. Interpretation of a variable sort is the range of corresponding variables.

Below this set we shall call the domain or the domain of the variable. The place domain is a
domain of variable put in a place of a relation. The relation domain is a direct product of place
domains for all places in the relation.

Rule 3.2. The interpretation of the relation R;(Xj..., X,) is the set Ry of n-tuples < Xj..., X, >:

Rl(Xl, ey Xn) —< X1,...,Xn >€ Ry.

We use the same identifications for the relation and set in hope, this does not become a source of
misunderstanding.

The interpretation of conjunctions will be realized by the several rules.

If we have

R]_(X]_, . Xn) AN Rz(X]_, . Xn)
interpretation of this conjunction is an intersection of sets

RN R,.
But the interpretation of the conjunction
Rl(Xl,...,Xn)/\Rz(Xn+1,...,X2n) (1)
is completely unexpected. It is interpreted by direct product of sets:
Ry, X Rs.

In set theory there is no simple means for interpretation of the conjunction. Usage of set identifi-
cations without arguments limits possibilities of this theory very much.

In the relational logic there is the following rule for conjunctions and disjunctions:

Rule 3.3. The conjunction (disjunction) of relations is always interpreted as intersection (joint) of
sets, but the number of places and terms in these places must be the same for both relations.

The reduction to such form is regulated by the next rule:

Rule 3.4. Before interpretation the number of places and their fillings must be equalized in relations
at conjunction and disjunction. Such equalization is realized by transpositions of places and addition
of fictive places.

In particular, the equalization of the formula (1) is:

Rl(Xl, . in) VAN Rg(Xl, . Xgn).

Rule 3.5. The addition of a fictive place in the relation is interpreted as a direct product of a set,
corresponding to this relation, and a domain, corresponding to added argument.

Therefore, the formula (1) is interpreted as a direct product of R; and R».

The interpretation of the disjunction

R]_(X]_,...,Xn)\/Rz(Xn+]_,...,X2n) (2)
is more unexpected: if the interpretations of R; and R, are finite, but their domains are infinite, the
interpretation of the disjunction is infinite too.

It is a union of two sets:
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- a direct product of R; and the relation domain for R,

- a direct product of R, and the relation domain for R;.

Rule 3.6. The interpretation for negation of a relation is a complement of the interpretation of the
relation. The complement is defined on the domain of the relation.

Further we shall define interpretation for existential and universal quantifiers. It is supposed,
all necessary intersections, unions and complements of sets are made for the relations in scope of
quantifiers. It means, the scope of quantifiers becomes one relation. This relation corresponds to a
resultant set.

Rule 3.7. The existential quantifier is interpreted by a set. In a source set the element, corre-
sponding to the bound variable, is removed from every n-tuple.

Rule 3.8. The universal quantifier is interpreted by a set too. In a source set:

- every group of m-tuples is removed, if n-tuples in the group differ one from others only by values
of bound variables and if sets of these values are not equal to the domains of these variables;

- in remaining n-tuples all elements of the bound variables are removed.

We use the second normal form to construct models. The basic part of the form is back implication.
The interpretation of back implication is special.

Rule 3.9. The back implication has the next interpretation:

- the right part of the back implication is interpreted by the set obtaining after execution of
conjunctions, negations and existential quantifiers in this part (variables, met only in the right part,
are bound by implicit existential quantifiers);

- before calculation, the left part of back implication is interpreted by the corresponding set;

- after calculation the set of the left part joins the set of the right part, and this result is the
interpretation of back implication.

The important part of formulas are terms.

Rule 3.10. The terms are interpreted in accordance with their definition:

Ri(.yRo(eeey = yoe)y-..) &3S0, Ry Sogy ) A Ro(--+y Sogy ---)-
where Ry is a term.

Example 3.11. The relation R;(z1,z2,z1 + z2) defines as 3z Ri(z1,Z2,Zo) A +(z1,Z2,Z0). The
conjunction of the relations R; and “+7” is interpreted by the set R; after removing n-tuples with the
third element does not equal the sum of the first two elements. Then the third elements are removed
too.

If Ry = {<0,1,1 >,< 1,2,2 >}, interpretation of the relation R;(z1,z2,z1 + 2) is the set
{<0,1>}. O

The special rules exist for new (defined) sorts.

Rule 3.12. The relation, corresponding to a new sort, has one or more arguments of old sorts and
one argument of new sort. All these arguments put up connection between them.

Example 3.13. The relation C(Rj, Ry, C1) is the sort C of complex numbers, R; and R, are
variables of the old sort R of real numbers, C; is a variable of the new sort C. The relation C is
defined by the formula:

C(R]_, Rg, )

In this definition we have an anonymous variable. This definition means, complex numbers are
defined for all values of R; and Rs.

Now we can define addition of complex numbers:

Ci1+Cy=C3 2VR...VRy C(Rl, R, Cl)/\C(R3, R, Cg)/\C(Rl + R3, R> + Ra, 03)

In this formula the relation C puts up connection between complex and real variables. [

Definition 3.14. The power sort is an (n + 1)-place relation setting one-to-one for every sequence
of n sorts and the new sort.

If the sequence of sorts is interpreted as domain of any relation, the power sort is interpreted as
the set of all subsets of this domain. Since each such subset interprets as some relation, the power
sort contains all relations on its domain.

The power sort is a powerful tool to construct new sorts in the logic order 2 and higher.

Some rules define interpretation of the theories.
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Rule 3.15. Each theory is the relation interpreted as the set of this theory axioms (both independent
and dependent).

Rule 3.16. The axiom, subsumed by the other axiom, is removed from the set of the axioms.

Rule 3.17. The axiom of a theory, deduced without usage of the other axioms of the theory, is a
valid formula and must be removed.

From above it follows, the logic way is more preferable than the set theory way, since it grants more
powerful expressive means, than the latter. The theory of sets should be used only for interpretations
of logical formulas.

3.1.2. Formulas without Negations. Iteration stages.

We construct models on the basis of a set of the formulas. At constructing we use the special rules
and these rules are axioms of the first order logic.

These rules are essentially simplified, if negation is absent in the right part of the formulas.

If the formulas are recursive, the rules of construction of the models in logic programming will be
realized by iteration, i.e. as a sequence of stages and every stage has a group of steps. The step is a
one-time calculation by one formula, the stage is one-time calculation of all formulas.

Rule 3.18. Iteration of formulas without negation:

- before the beginning to construct the model, initial subsets of constructed sets should be present;

- at the first stage all formulas are executed one time and the sets, containing the initial subsets,
join the result of execution;

- at the following stages all formulas again are one-time executed and the new sets, containing the
sets of previous stage, join the result;

- the process of iteration ends, if the fixed point is reached, i.e. the further stages do not add new
members in the constructed sets.

The given rule can be expanded into infinite sets, if the iteration is convergent to a fixed point.
This fixed point is the enumerable set of all values of the calculated relation, and any member of this
set can be calculated for a finite number of steps of iteration.

Example 3.19. It is required to calculate the factorial.

The calculation of a factorial is simplified, since each stage of iteration contains only one step.

Before the beginning of calculations we have a subset with a unique member !(0, 1).

On the first step we receive one more member !(1, 1) from the formula (N7 + 1)! = Ni!* (Ny + 1).

On the second step, using the member !(1, 1), we receive the third member !(2, 2).

Each new step adds one member. The iteration is convergent.

The difference of the given iterative process from the similar process in usual programming is in a
result of calculation: in the first case this result is a set of numbers, and in the second case it is only
one number. Total time of calculations in both cases is the same. [

The defect of the formulated rule of iteration is the next: the result of one stage of iteration
depends on a sequence of execution of the formulas at this stage. If the fixed point is unique (for
the formulas without negation it always is unique), the result will be identical for any sequence of
execution.

Nevertheless, it is very important that the result of each stage of iteration did not depend on a
sequence of execution of the formulas. It is possible, if at each stage at first to calculate (one-time)
the right part of all formulas, and then to execute back implication.

Example 3.20. The positive definition of proper classes (see section 2) is:

Pr(N)
PT(P(X]_) — PT‘(X]_)
Pr(X; x X3) « Pr(X1) A Pr(X2)
where Pr - symbol of the relation to be a proper class, P - symbol power set, “ x ” - symbol of a
direct product.

Before the beginning of iteration the set Pr contains one member N.

The result of execution of the first iteration stage, consisting of two steps, depends on a sequence
of execution of two last formulas.

If executing the first of these two formulas, then the second, we shall receive the following result.

Step 1. {N, P(N)}.
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Step 2. {N,P(N),N x N,N x P(N),P(N) x N,P(N) x P(N)}.

Executing the second formula, then the first, we shall receive the different result.

Step 1. {N,N x N}.

Step 2. {N,N x N,P(N),P(N x N)}.

We shall receive a result not depending on a sequence of execution of the formulas at separate
execution of the right and left parts of the formulas. But a number of steps doubles because of back
implications:

Step 1. {P(N)}.

Step 2. {N x N}.

Step 3. {N,P(N)}.

Step 4. {N,P(N),N x N}.

All of these steps are simple and we can replace them by one stage:

Stage 1. {N,P(N),N x N}. O

In the next section we shall show, the calculation of the left parts of the formulas at the end of a
stage is the only possible way.

3.1.3. Ghost Effect.

The existence of negations in the formulas has a number of features.

First of all we shall consider formulas with the right part including relations both with and without
of negations.

Rule 3.21. Calculation with negations:

- conjunction of all relations without negations is calculated;

- conjunction of this calculated relation and the first relation with negation is calculated (by the
rule of a set difference);

- conjunction of the latter calculated relation and the next relation with negation is calculated (by
the rule of a set difference);

- the previous step is repeated for all relations with negation.

The rule of a set difference allows to calculate the relation with negation without construction of
a complement.

Rule 3.22. Usage of a set difference:

- the conjunction of two relations, if one of these relations is without negation and the other with
negation, is interpreted as a difference of interpretations of these relations, if a number of places and
fillings of the places are identical in both relations.

If they are not identical, transpositions of arguments, and additions of fictive arguments are real-
ized.

If the right part of a formula contains only relations with negation, the calculation of a complement
is obligatory for one of the relations. For the remaining relations the rule of a set difference is again
used.

Another feature of the formulas with negations is the ghost effect.

The ghost effect means dependence of the result of calculations from a sequence of these calcula-
tions.

Theoretically the ghost effect should be absent, because construction of the model should not
depend on sequence of calculations. Nevertheless many theories of algorithms (by Markov, by Turing)
are based on the dependence on the sequence of calculations. Only the theory of recursive functions
is an exception. But logic programming must be an exception too.

In logic programming all formulas can be jointed in one formula with the help of conjunctions. But
conjunction is commutative, therefore, the result of calculations should not depend on what formula
is calculated first and what is last.

This rule is completely true for formulas without negations. If there are negations, the given rule
is not always true, as this follows from the example below (the symbol “’ ” is used as an marker, not
as a function).

Example 3.23. a/(Ny) < —a"(Ny) AY(Ny).

G,H(Nl) — _|0,I(N1) A bl(Nl)
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Let sets @’ and a” be empty. The sets b’ and b” are not empty and are not changed during
calculations.

After execution of the first formula, a’ equals b’ and a” is empty. After execution of the second
formula we have a” = b"\b' (“\” - symbol of a set difference, the set difference is basic operation for
calculation of negations without construction of complements, as it is mentioned above).

After re-execution of the first formula in o' will be added &'\b”. This addition does not change a'
and again a’ = b'. Since a’ was not changed, re-execution of the second formula changes nothing too.
The fixed point is reached: a’ = v/, a” = b"\b'.

If we change a sequence of execution of the formulas and begin with the second formula, we shall
receive the other fixed point: o' = b'\b", 0’ =b".

One more result we shall receive, if at first we execute the right parts of both formulas (in any
sequence), and only after this we execute back implication.

After executing the first right part, we shall receive the set b’. After executing of the second right
part we shall receive the set b”. Both sets a’ and a” remain empty.

After executing the back implication, we shall receive a’ = b/, a”’ = b".

At re-execution of the first right part we shall receive set b'\b". After execution of the second right
part we shall receive set b"\¥'.

The execution of back implication changes nothing. We have reached one more fixed point a’ =¥/,
aII — bII‘

From the three results only the last is correct, because in this case the result of calculations does
not depend on the sequence of formula execution. At calculation of the right parts the set o/ and a”
do not vary, so they do not influence on the sequence of calculations. O

Note, in the given example o’ is defined through a”, a” is defined through a’. It can be, if the
definitions are correct.

The initial definitions are really correct.

The next definitions are not correct:

aI(N]_) — _|G,”(N]_).
G,H(N]_) — ﬁa’(N]_).
since both formulas coincide at reduction to CNF:
a'(N1) v a"(Iy),
G,H(N]_) \Y aI(N]_).

But if the formula is one, definition should be one too. Therefore, one of these definitions should
be removed, and the result of calculations can depend on what definition is removed.

The next definitions are not correct too:

aI(N]_) — _|G,”(N]_) A b’(N]_)

G,H(Nl) — _|0,I(N1) A bl(Nl)
Both formulas coincide at reduction to CNF too:

aI(N]_) \ a”(N]_) \Y ﬁb’(N]_).

O,H(Nl) V a,'(Nl) V —|bI(N1).

It is necessary to mark, in the given example we have used the monotonically increasing calcu-
lations (see below), though it is more correct to use non-monotone calculations (see example 3.31).
Nevertheless, the results of calculations in both cases are the same. [

If the definitions are correct, the next rule of iteration does not contain the ghost effect.

Rule 3.24. Iterations without the ghost effect:

- before the beginning of iterations initial sets must be given for each calculated set;

- at the first stage of iteration all the right parts of the formulas are calculated, then the back
implications are calculated, as a result we have the new sets containing the initial sets;

- on the next stages all the right parts are again calculated, then the back implications are calculated
too, and we have the new sets containing the previous sets;

- the process of calculation ends, if the fixed point is reached, i.e. all further stages do not add
new members in calculated sets.

Below all iterations are executed without the ghost effect, and the step of iteration always means
as a stage of iteration (but for one level of hierarchy, see next section).
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3.1.4. Hierarchy of Formulas.

In logic programming calculations are effective, if spent time is minimal.

Effective calculations are the main problem of logic programming, because the calculations are the
set operations and the more volume of these sets the greater spent time. Especially the time is great
spent, if the sets are unordered.

If we set the identical order at calculation of intersections (joints) of sets, the time of calculations
becomes minimal.

At more complex calculations, for example with the graphs, the whole series of ordering is used.

The efficiency of calculations increases not only at ordering of members of sets, but also at ordering
of the formulas. Naturally, not any ordering is allowable. In particular, the ordering with ghost effect
is forbidden.

Let us consider the basic rules of ordering.

Rule 3.25. The order of formulas without cycles:

- if R; is a name (identification) of a relation in the left part of the formula, and R;, Rg,... are
names of the relations in the right part, we construct arcs R; < R;, R; < Ry... (these arcs are
interpreted as: “R; is calculated before R;, Ry is calculated before R;,...");

- if the result graph contains cycles, this rule is not used;

- the names, not meeting in the left part of the formulas, are removed;

- the order of the other names becomes the order of the formulas.

Since the formula set is finite this order allows to put hierarchy of the formulas.

After putting up hierarchy we calculate at beginning formulas of the first (upper) level of hierarchy,
then the received results are used at calculation of the formulas of the second level, etc. And the
calculation of the formulas (z 4+ 1)-th level do not influence on the calculation of the formulas (z)-th
level.

This hierarchy allows to put up linear preorder. At this order a number of the equivalence classes
is equal to a number of hierarchy levels.

Unfortunately, such hierarchy of the formulas has a many problems. In particular, in this case all
recursive definitions have no hierarchy.

Because the basic complication in calculations is introduced by negations, the special preorder can
be set. This preorder forbids cycles only for relation with negation.

Rule 3.26. The order of formulas without cycles with marked arcs:

- the arcs R; «+ R;, where R; is the name of the relation in the right part of the formula, R; is
the name of the relation in the left part of the formula, are constructed for all formulas;

- if R; has negation, the arc R; < R; is marked,

- if the result graph contains cycles with the marked arcs, this rule is not used;

- the names presented in a cycle with unmarked arcs, are considered as equivalent;

- the names not meeting in the left part of the formulas are removed;

- the order of the other names becomes the order of the formulas.

This order allows to put up hierarchy of the formulas too, if we put all vertices of the cycle without
marked arcs on the same level of hierarchy.

According to this hierarchy, calculation of —A is easy because calculation of A was completely
finished on the previous level of hierarchy.

Note, both kinds of hierarchies provide the absence of ghost effects.

Example 3.27. We have formulas:

a(N]_, Ng) — d(N]_, Ng)
b(Nl, Ng) — e(Nl, N2) VAN _|0,(N1, Ng)
C(Nl, Ng) — e(Nl, Ng) VAN _|b(N1, N2) VAN _|0,(N2, Nl)

Before the beginning of iteration the sets a, b and ¢ are empty.

The set of arcs {a « d,b < e,b < a,c < e,c « b,c «+ a} does not contain a cycle. So we
have hierarchy of names ¢ < b < a < (d,e). After removing d and e we shall receive ¢ < b + a.
Therefore, on top level of hierarchy we have a (according to the first formula), then on the next level
we have b (the second formula) and then ¢ (the third formula). As a result we have a = d (from the
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first formula), b = e\d (from the second formula), ¢ = (e N d)\I(d) (from the third formula). The
function I(d) realizes transposition of places in d. O

3.1.5. Non-monotone Calculations.

In the previous rules of iteration all calculations were monotonically increasing, i.e. at each stage
of iteration we added members in calculated sets.

The monotony is broken, if the graph of the relation names contains cycle with marked arcs.

In this case we must calculate complements to the sets, before these sets are constructed to the
end. Such complements contain superfluous members and this members fall in calculated sets. Later
on, step-by-step, superfluous members will be found and removed. But we have not a monotony of
calculations.

It is possible to construct hierarchy of the formulas for non-monotone calculations too.

Rule 3.28. The order of arbitrary formulas:

- the arcs R; «+— R;, where R; - name of the relation in the right part of the formula, R; - name of
the relation in the left part of the formula, are constructed for all formulas;

- the result graph sets hierarchy of names, and all vertices, included in a cycle, present on the
same level of hierarchy;

- the names not meeting in the left part of the formulas are removed;

- the hierarchy of the other names becomes hierarchy of the formulas.

Such hierarchy exists for all problems. The calculations are begun at the first (upper) level of
the hierarchy. All relations, calculated at the given level, remain invariable at execution of all levels
below. The ghost effect is absent, if it is absent on each level of the hierarchy.

In general case these calculations can not be executed, if we use two-valued logic. This logic can
not find superfluous members in calculated sets. But these calculations can be executed, if we use
standard 4-valued logic. These values are ¢ (true), ¢tf (as a rule it is true, but possible it is false), ft
(as a rule it is false, but possible it is true) and f (false).

We must add one of these values to each n-tuple of a set as a new element. These values allow to
find superfluous members.

But we must add one more value “-”. This value means a member, absent in a set (i.e. the member
of the complement to this set).

An absent member is false as a rule, but possible it can be true. So the absent member has value
ft. It means, values “-” and ft are the same, but the member with value “-” is absent in the set and
the member with value ft is present in the set.

The basic operations in this logic are negation, conjunction of positive relations, conjunction of
positive and negative relations, disjunction, existential quantifier and back implication.

The tables of logical values for these operations are given below:
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£t £l £ f|f|f|f £ £ £ [f|f
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I[e[e[m ][] - e[t f]-

t ]ttt |t |8 t (bt ]t |t |t

6 | | tf | tf | 4 | tf 6 |t | | ft | ft | tf

f |t | tf | f | f6 | £t fo |t |tf| f6 | £ [ ft

£t |6 |6 | £ |8

SRR IR

The first colon in these tables contains the values of the first argument of the operations. The first
line in them (except table “—") contains the values of the second argument of the operations.

The first two tables are clear.

The third table presents conjunctions of the positive and negative (with negation) relations. Values
of the positive relation are the first argument of the operation, values of the negative one are the second
argument.
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The fourth table corresponds to existential quantifiers. It corresponds to disjunctions too.

This is because an existential quantifier removes values, corresponding to bound variables, from
n-tuples. After removing we have some n-tuples differing only logical values, but only one of these
n-tuples is allowable.

Disjunctions realize the joint of sets. At joint there are also n-tuples differing only logical values,
but only one of these n-tuples is allowable.

In both cases we use the same rule of choice of one allowable logical value from several ones.

The last table “«” is special.

This table should be copy of table “J”, because the right and left parts of “«” must be joined.
But this table is special as the back implication has unusual interpretation and this table must help
to find superfluous (wrong) members at accommodation of new members in calculated sets. This is
realized by the next rule:

- the values ft and tf must be symmetric in replacing one other.

This is because both values can be wrong and always the new value replaces the old value. To the
end of calculation wrong values disappear and correct values replace wrong values in calculated sets
(since correct values are generated again at each stage of iteration).

So, if the arguments equal ¢f and ft then result equals ft (this is new with respect to table “3”),
and if the arguments equal ft and ¢f, then the result equals ¢f (this is not new).

But this rule resolves the problem only partly. We must add one more rule:

- value f replace value tf by ft.

This change only one value in table “«”: if the arguments equal ¢{f and f then the result equals
ft.

Table “+” (and table “3” too) has next property - value f is met as result only in the line next
to last.

This line corresponds to value f as the first argument. It means this value never appears in
calculated sets because it is absent before the iteration. So we can delete this line. But we can not
delete the column corresponded to value f - this value can appear during the calculation of the right
part of back implication (see table “A—").

Now the wrong members in calculated sets have values only ¢£f and f{. The members with value
t never change this value.

In the other respects the last two tables are the same. The values of the last table are underlined
if they differ from the values of the previous table.

Rule 3.29. Usage of 4-valued logic for non-monotone calculations:

- before the iteration all n-tuples of sets are added the logical value t;

- the logical values are defined with the help of the tables “=", “A”, “A=", “3” and “«” during
the iteration;

- after reaching a fixed point the members with logical value ft are removed and then the other
logical values are removed from all n-tuples.

Thus, the 4-valued logic is used only during iterations. After ending iterations we shall return to
the 2-valued logic.

Below, for a simplicity, stages of iteration are called steps.

Example 3.30. The graph of the formula

O,(Nl) — b(Nl) A _|0,(N1).
has a cycle with a marked arc.

Let a be empty before the beginning of calculations.

We must use the rule of non-monotone calculations.

Step 1. a = b (tf).

Step 2. a = b (ft).

Subsequently each ¢-th step of iteration repeats (i — 2)-th step.

In these formulas the logical value is parenthesized.

The cycling can be interpreted as the unstable model with two fixed points (if the formula is
correct):

a = empty a=2>b
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The formula, introduced in the given example, is not correct, because after reduction to CNF we
have:
a(N1) V —b(Ny).
Therefore, the initial formula becomes the formula without negation:
a(Ny) < b(Ny).
The calculations of this formula give the result: a = b.
We shall receive the same result, if at cycling we select the maximal fixed point of two ones. [

1((/”

Below we again use the symbo as an marker.

Example 3.31. We have formulas, which graph contains a cycle with two marked arcs:
a'(Ny) « b'(Ny) A —a(Ny).
a”"(Ny) « b"(N1) A —ad/(Ny).
Before iteration the sets a’ and a” are empty.
Again we use the rule of non-monotone calculations.
Step 1. a' =b' (¢tf).
a" =?bv" (tf).
Step 2. a’ = (' Nb")(ft) U (B'\b")(tf).
a" = (b'Nd")(ft) U (B"\V)(t).
Subsequently each -th step of iteration repeats (2 — 2)-th step.

We must know, which of two fixed points
al — bl aII — bII'
al — bl\b”, 0,” — b”\bl.
is correct.
The initial formulas can be present as
G,I(Nl) \ O,H(Nl) — bl(Nl)
O,I(Nl) \Y G,H(Nl) — b”(Nl).
The graph of these formulas has no cycle. A fixed point
adUa' =bub”
is unique and reached for one step (stage) of iteration.
Only maximal of the two above-stated fixed points corresponds to this point:
al — bl all — b”.
The other fixed point is not correct.

The cycling which is a reason of the superfluous fixed point, is the result of a partial incorrectness
of initial formulas.

Indeed, if we denote ¢ = o’ Ua” and d = b’ N b", we have (as independent) incorrect formula (see
example 3.30):
¢(N1) « d(N1) A —¢(Ny).
This formula is a reason for change of logical value of ¢ with ¢f on ft and back.
At removal of this incorrectness value c becomes ¢f and this agrees with received fixed point. [

Example 3.31 is repetition of example 3.23. In example 3.23 we used the two-valued logic, in
example 3.31 - the four-valued logic. In both cases the results are identical, though usage of the
two-valued logic was incorrect.

It is necessary to mark, the given example is not an exception. In many non-monotone problems
the two-valued logic gives the same result, as four-valued.

Example 3.32. We have formulas, which graph contains a cycle of three marked arcs:
G,I(N]_) — bI(N]_) A _|0,”(N1)
a"(Ny) « b"(N1) A —a"'(Ny)
aP”'(Nl) — b”l(Nl) A _|0,I(N1)

" be empty before the beginning of iteration.

Let the sets a’, a” and a
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Step 1. o' =b'(tf),
o' = ¥'(tf)
aIII — blll(tf)'

Step 2. o' = (' Nb")(ft) U (¥'\b")(tf),
& = (6 ") (f) U (D)),

a = (b/// N bl)(ft) U (b”l\bl)(tf).
Subsequently each ¢-th step of iteration repeats (2 — 2)-th step. Indeed, at step 3 we have:
a' = (BN NE")(EF) U E\ENEM)(ES) U (80BN U (0\(\B"))(ES)
But &' N (6" Nnd") U b'\(d" Nb") = b’ and b'\(b"\b"') is a subset of b’. Besides, b’ N (b"\b") is a
subset of b’ too, and at disjunctions value tf replaces value ft (see table “3").
Soa' =b'. But a” =b" and o" = b" by analogy.
As a result we have two fixed points:
al — bl all — bII a’III — bIII
a’I — bl\bll a’II — bll\blll aIII — bIII\bI
The first point is maximal.
We can present the initial formulas as:
G,I(Nl) V O,H(Nl) — bl(Nl)
G,I’(N]_) \Y a”’(N]_) — b”(N]_)
G,HI(N]_) \Y aI(N]_) — b”’(N]_)
As it follows from these formulas, only the maximal fixed point satisfies them. O
In the considered examples a maximal fixed point is always correct. It is not incidental.
If we have a cycling at calculations, the members of some subsets alternately accept logical values
tf and ft. Therefore, each of such subsets R; is a result of iterations of the incorrect formula:
Ro(.’lJl, . (En) — Rl(.’IJl, . :z:n) A —|R0($1, . .’En)
After correction the graph of this formula does not contain a cycle:
Ro(z1, ... Zn) < Ri(T1,...,Tp)
As a result all cyclings disappear and each pair of fixed points of cycling is replaced by maximal
of them.
Rule 3.33. Iteration with cycling:
- at cycling (by changing values ¢f on ft and back) each pair of the fixed points, appearing at
cycling, is replaced by maximal of them.
The following example demonstrates, the series (in the order of hierarchy levels) and parallel
(simultaneously for all formulas) calculations give the identical results.
Example 3.34. We have three-level formulas (see example 3.27):
a,(Nl, Ng) — d(Nl, N2)
b(Nl, Ng) — e(Nl, N2) A _|0,(N1, Ng)
C(Nl, Ng) — e(Nl, Ng) A _|b(N1, N2) A _|0,(N2, Nl)
Before the beginning of iteration the sets a, b and ¢ are empty.
In example 3.27 the solution was constructed sequentially, in order of levels. It ensured a monotony
of calculations.
If the calculations are executed in parallel (i.e. one-time calculations executed for all formulas of
all levels on each step of iteration), the monotony disappears.
Below we use the operation I(X;) transposing elements in each pair of the set Xj.
Step 1. a =d(t). b=-e(tf). c =e(tf).
Step 2. a =d(t). b= (enad)(ft) U (e\d)(tf). c = e(ft).
Step 3. a =d(t). b= (end)(ft)u(e\d)(tf). c = (end)nI(d))(ft)U((end)\I(d))(tf)U(e\d)(f?).
The fixed point is reached: a = d, b = e\d, ¢ = (e N d)\I(d). This solution coincides with the
solution in example 3.27.
All members of the set a were calculated at the first step.
The set b had the superfluous members on the first step and these members were removed on the
second step.
The set ¢ had superfluous members on the first step too, but all members, not only superfluous,
were removed on the second step. So from e more members, than it is necessary, was removed, because
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b had superfluous members. On the third step the set b was corrected and extra removed members
were returned to set c. [
Theorem 3.35. If domains are finite and if the series iteration converges, the parallel iteration

converges to the same solution.

Proof: The series iteration means construction of a solution in order of hierarchy levels. The parallel
iteration means one-time calculations of all formulas (all levels) on each step of the iteration. At the series
iteration the calculated sets are always monotonically increasing, at the parallel iteration these sets can increase
non-monotonically.

The proof is based on property of the member regeneration during the iteration: if the member z; appears
on a step ¢ from some set of members, the member z; will reappear while this set exists.

We shall use the induction rule.

The theorem is obvious to the single-level formulas.

Let the theorem be true for n levels and the solution is reached for k of steps. We must prove, the theorem
is true for (n + 1)-th level.

If a formula of this level does not enter into a cycle, the right part of this formula is not contain superfluous
members after the step k. Therefore, the left part of this formula is not contain superfluous members after
execution of the step k£ + 1 (and all consequent steps on the given level) too.

But if a formula enters into a cycle, the right part of this formula will contain superfluous members. These
members appears in the left parts of the formula on the previous steps of iteration, and then they generate a
chain of superfluous members.

With each new step of iteration a new member can appear at the end of the chain, but in the beginning of
the chain any member can be removed (as a result of correction). The appearance of new members in the chain
is finite, since the domains are finite. Therefore, removing of members in the beginning of the chain always
ends by removing of all chain. Since after step & the new chains do not appear, on some step of iteration all
the chains will be removed.

The normal members can be temporary replaced by superfluous members: if in a right part of the formulas
the superfluous member has value ¢f, and the normal member has value ft, disjunction of these members (in
the moment they must appear in the left part of the formulas) will have value ¢f. But as soon as a superfluous
member will be removed the normal member appears in the left part (because of regeneration). As soon as all
the chains will be removed, all normal members will be restored. The further calculations become monotonically
increasing, without superfluous members. The theorem is proved. O

Corollary 3.36. If the graph of the formulas does not contain a cycle with the marked arcs, the
cycling (replacing value tf on ft and back) does not appear.

The given corollary is true for infinite domains too.

3.1.6. Constants.

Constants are special terms. We must use them with caution.

Example 3.37. The formula

a(1,2) « b(3,4)
contains only constants.

According to “usual” interpretation the set a contains a member < 1,2 > and to it the member
< 3,4 > from b is added. But this interpretation is wrong, because < 3,4 > can be absent.

We have the true interpretation, if we remove constants from the formula:

a(N]_, Ng) — l(N]_) A 2(N2) A 3(N3) A 4(N4) A b(Ng, N4)

In this formula conjunction 3(N3)A4(Ns)Ab(N3, N4) becomes a proposition (N3 and N4 are bound
by implicit existential quantifiers). The proposition is true, if the set b contains a member < 3,4 >,
or is false otherwise. In the first case the set a adds the pair < 3,4 >, in the second case this set
remains invariable.

Thus, the formula of the example is the mixture of the theories of order 0 and 1. O

Though the theory of the second order usually includes the theory of the first order, the mixing
of theories of the order 0 and 1 is not recommended.

It means, we must know before calculations, if propositions are true or false and accordingly correct
formulas.

In particular, in the example 3.37 before iteration we must add (or not add) the pair < 3,4 >.

Rule 3.38 of the proposition removal:

- the right part of formulas must be without propositions.
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This rule is not used for formulas without the right part. These formulas are interpreted as
members of initial sets.

But it is natural to remove these formulas. Then propositions will be absent in all formulas. It
means initial sets must be given implicitly.

In particular, at the factorial definition formula 0! = 1 must be removed from the definition. The
other formula will allow to calculate not only factorial, but also gamma-function (depending on the
initial set).

After removing all propositions (in the right parts of the formulas too) we exclude the possibility
of error because of constants in positive literals.

But the error remains for constants in negative literals.

Example 3.39. W(S1) < =-SP(S1,1).

This example from [7], the relation SP(S;, P,) defines parts P, provided by supplier S;. One
supplier S; can have some parts, one part can be present at several suppliers. We note -SP(S,1)
those suppliers that have not part 1. It is necessary to define the set W (S1) of these suppliers.

One interpretation is the construction of complement to set SP(S1,1) (for domain S x P). This
interpretation is wrong: W will include the suppliers that have part 1, if they have other parts too.

We shall receive the right formula, if we remove the constant:

W(Sl) — ﬁSP(Sl, Pl) VAN 1(P1)

Therefore, at first we must calculate negation of SP, and only then substitute P, by 1. Negation
of SP contains for each supplier the list of parts not to be provided by this supplier.

But there is a more simple way, if we use set difference. By this way we shall list supplies that
have part 1. We denote this list W 0(S;) and construct complement to W0 (for domain S). O

Rule 3.40 of calculation of negative literals with constants:

- before the calculation of a negative literal, we must calculate this literal as positive (it means only
lines with the given constants are left), then remove the columns corresponded to the given constants,
and construct the complement to the received set.

3.1.7. Second Order Formulas.

The formulas of the second order were met above very often. Moreover, all the rules above can be
present as formulas of the second order and the set of such formulas is an axiomatic of the first order
finite logic (this logic is a member of the set of the second order theories).

In classic logic it is supposed, we come to the second order formulas, if values of variables of these
formulas are relation names. It is not well.

Below we have two examples with such variables. But only one of these examples has the second
order formulas.

Example 3.41. A number N; of arguments in a relation R; of a theory T} is given by the function
arity(Ty, R1) = Ni.

It is known (see section 1.4), in the relational logic the undefined notion Relations(Ty, R1, N1, S1)
exists. Values of a variable R; are relation names in a theory T}. Values of a variables N; are the
serial numbers of places in the relation R;, values of a variable S; are codes of sorts for these places.

The predicates and functions do not differ in Relations. Therefore, a number of places, extracted
from Relations, should be decreased on 1 for functions. For separating functions among relations we
use the notion Functions(Ty, R1, N1). This notion gives a number N; of places containing function
value for a relation R; of a theory 7%. The relation R; is a function, if this relation has only one such
place. This place is always the last. The relation is functional (but not a function), if R; has several
such places.

The definition of arity is put by the formula:
arity(Ty, R1) = N; @ ~Functions(Th, R1,) A Relations(Ty, Ry, N1, ) A - Relations(Ty, Ry, N1 + 1,)V

Relations(Ty, Ry, N1 + 1,) A —Relations(Ty, Ry, N1 + 2,).

This definition consists of two parts.

In the first part we define a number of places for relations not being functions: from the set
Relations we extract a member with a maximal value N; at a given R;. The value N; is maximal, if
a member with the value N; + 1 does not exist.
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In the second part we define a number N; of arguments for functions. In Relations the value
N7 + 1 exists, but the value N; + 2 does not exist. O

In this example we use the second order logic and the first order formulas.

Example 3.42. The definition of a direct product looks like:

Ri x Ry = R3 2 Vz,..Vz, Rl(:z:l, cey (Em) AN Rz(:z:m+1, cey :z:n) — R3(.’1}1, cey :z:n)

where m = arity(Ry), n = m + arity(Rz).

The positive definition

Ry X Ry = R3 + Vz1..Vz,, Ri(Z1,...,Zm) N R2(Tm+1,-.-Zn) — R3(T1,..., Tn)

allows to construct set “x” of members < R;, Ry, R3 >. At iteration for every R; and R, we seek (in
Theorties) Rs to equal direct product of R; and R».

But we must solve completely another problem - to construct the set Rs, instead of set “x”.

To construct set Rs, the formula is needed with the left part equal to Rs.

This formula can be received from the negative definition of the direct product:

R3($1, ,.’En) +— Ri X Ry = R3g A Rl(:z:l, ...,.’ZJm) A R2($m+1, .’En)

It is follows from this formula, the direct product Ri(z1,...2m) and Re(Zm+1, ..., Tn) is added to
R3(z1,...,z,) if Ry X Ro = Rs.

So the positive definition of the direct product should be removed, since it does not take part in
calculations of direct products. [

This example demonstrates, model construction in the second order logic uses, as a rule, negative
definitions. The second normal form should be replaced by a new normal form.

Now we can define the second order formulas.

Definition 3.43. The second order formula contains a variable without list of places and the same
variable with list of places (in parentheses).

It is necessary to mark, the dots are very powerful tool for construction of the second order
formulas.

In example 3.42 semantics of dots is trivial. But this semantics is very complicated in more complex
problems. The computer formalizing of this semantics is an important problem of the second order
logic.

3.2. Theory Construction (Theorem proving).

As it was pointed above the theory construction includes theory calculus and axiom calculus of a
theory.

The theory calculus will be considered in the special series of articles. Below theory construction
means only the axiom calculus of a theory. More than that, below we shall consider only the axiom
calculus of an inconsistent theory.

Any theory becomes inconsistent, if the axiom system of the theory is added by negation of a
theorem of the theory. The proof of inconsistency of such theory is simultaneously the proof of the
theorem.

The proof of inconsistency of a theory is a part of axiom calculus. If the empty (i.e. not existing)
axiom is generated as a new axiom (theorem), inconsistency of the theory becomes proved. The empty
axiom as the empty set are interpreted by logic object “false”.

The proved theorem should be in the first normal form. It means, the quantifiers are implicit and
in Vd-prenex form, i.e. existential quantifiers must be after universal quantifiers.

So negation of proved theorem will be in 3V-form and we must reduce it to V3-form. But we can
use dV-form without the reduction if negation of the theorem is a sentence in the first normal form.
We shall show this.

According section 1.2 the new relation W should be added to reduce to V3-form:

W(z;,...,z;) < VTi1,..., 2 F(zi, ..., Tk)
W(z;,...,z;) = VTi1,..., 2 F(zi, ..., Tk)
E|:12i, ey Tj W(:Bi, vy :Bj)
where F(z;, ..., Tx) is negation of the theorem, z;,...,z; - variables bound by existential quantifiers
(usually these variables are denoted by a, ..., a;), T;41, ..., Tx - variables bound by universal quantifiers.
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The first sentence can not be used in the proving. The resolution of the last two sentences gives
F(as,...,a;,T;41,-.-, Tr), i.6. again negation of the proved theorem but in V3-form. The last sentence
means that a;,...,a; do not depend on z;,4, ..., Tk.

So we can remove all three sentences if we remember this property of a;,...,a;. For that we use
notation c;, ..., c; instead of a;, ..., a;.

At deduction we shall watch for moving of these variables in the deduced sentences. These sen-
tences are called the successors of negation of the proved theorem.

For example, if we have got z,, = ¢; or z,,, # c; in any successor,

each of these relations becomes inconsistent because of the implicit quantifiers dc;Vz,, =, = ¢;
and d¢;Vz,, T, # Ci.

The next inference rules are used in the axiom calculus of an inconsistent theory:

- the resolution rule (analogue of the modus ponens);

- the paramodulation rule (analogue of the equation axioms);

- the finite descent rule (analogue of the induction).

The first two rules are two-place operations: from two axioms they deduce one new axiom. The
last rule is one-place.

There is a lot of the other inference rules which are one-place operations.

All one-place operations execute transformations of axioms. As it is generally accepted, these
operations are not included as steps of proofs. All these operations are used after execution of two-
place operations and they reduce the result of two-place operations to a normal form.

3.2.1. Resolution

The resolution rule uses substitutions, unifications and disjunctions of contrary pairs.

Definition 3.44. The substitution is a finite set {z1/t1,...,z,/tn} where z; is a variable not to
bind by an existential quantifier, ¢; is a term that differs from z;, all z; are different. The substitution
without members is called empty and is denoted e.

We denote 6 the set of all substitutions.

Definition 3.45. The substitution application

F161
is the result of simultaneous replacement of all variables z; in /7 on ¢; in accordance with the substi-
tution 6;.

Rule 3.46 of substitution composition. Let:

- the substitution 6, be a composition of substitutions #; and 65, i.e. F16:0> & (F16p), where
91 = {:z:ll/tll, ---,-Tln/tln}, 92 = {.’1121/t21, ey wz’m/tg,m}.

Then:

- By is received from a set

{(B]_l/(t]_leg), ceny wln/(tlnﬁg), $21/t21, vy (Bzm/tgm}
by deletion of all members zi;/(t1;62), for which ¢1;6, = z1;, and all members z5;/ts;, for which
t2j € {.’1111, ey :z:ln}.

Rule 3.47 of unification of two relations. This rule consists of a sequence of the following steps:

Step 1. We take the beginning of the relations as the given positions (in these positions the symbols
of the relations are present), and we take the empty substitution as an initial substitution 8; (6; = ¢).
Further the given positions vary and can be disposed in each relation at different distances from the
beginning of the relations. A number of positions in the relations changes after substitutions.

Step 2. We seek the next position with different symbols. Unification is finished and substitution
0, is sought for, if such position does not exist.

Step 3. If one of the symbols in the found position is a variable z;, then

- the term ¢;, beginning with the corresponding position in the other relation and not containing
z;, produces the substitution {z;/t;};

- the given positions become the position after the variable in one relation and after the term in
the other relation;

- all variable z; (since the given position) are replaced by a term ¢; in both relations;

- the composition of substitutions #; and {z;/t;} is constructed, this composition becomes the new
value of a substitution 6;;
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- go to step 2.
The unification does not exist, if both symbols in the found position are not variables or the term
t; contains z;.
It is necessary to point out, in this rule variables are z-variables, i.e. variables, bound by universal
quantifier.
Definition 3.48. The unificator of two relations R; and R» is the substitution received by the rule
of unification.
For terms the rule of unification and the definition of unificator are analogously.
Definition 3.49. The contrary pair is two literals differing only by signs.
Contrary pairs have important properties:
- an V-clause becomes a valid formula, if this V-clause has literals of a contrary pair.
- an A-clause becomes negation of a valid formula, if this A-clause has literals of a contrary pair.
Definition 3.50. Literals in two axioms (one in each axiom) are marked, if after unification these
literals become the contrary pair.
Definition 3.51. Variables, bound by existential quantifiers and met only in terms of the unificator,
are a-variables.
If in marked literals we meet the variables, bound by existential quantifiers, then they are a-
variables.
Definition 3.52. The member of the axiom is an A-clause or a literal from V-clause of this axiom.
Every axiom is a set of members connected by disjunctions.
Definition 3.53. The marked members of two axioms are the members with marked literals.
If a unificator has no a-variable, the resolution is usual. In this case marked members are literals.
Rule 3.54 of resolution. For two axioms:
- variables, bringing to collisions, are renumbered;
- literals only from V-clause of axioms are marked;
- the marked literals are removed from both axioms;
- the rest of both axioms are joined by a disjunction;
- the unificator is applied to the received formula.
This formula is named resolvent of given axioms. As a rule, the resolvent is the new axiom.
Theorem 3.55. The resolution s a valid formula.
Proof: Let two axioms be given:
Li(...)VF
Ly(...) VvV Fy
where L; and L, are marked literals, 7; and F, are the other part of the axioms. Below parentheses and dots
are removed.
These two axioms can be joined with the conjunction:
(L1 VFL) N (Lo VF)
Using the distributivity of disjunction and conjunction we shall receive after applying of the unificator 6;:
(LiAnFa V FiNLy V FiANF2 )0,
We remove the literal L; A Ly since it is negation of a valid formula.
Again we use the distributivity of disjunction and conjunction:
(LA VF) A (LVFIVF) A (InVIoVF) A (IiV IV E) A
(FaVFL) AN (FaVFL) A (FaVIVF) A (F2V Le))os
Removing V-clauses with the contrary pair or subsumed by the initial axioms (L V Fi, Ly V F2) and other
V-clauses we shall receive single V-clause:
(F1 VvV F2)6:
Therefore, the formula
(Li VF)A (L VF) — (F1VF)6
isvalid. O

3.2.2. Resolution with Factor.
Definition 3.56. The factor is a result of applying of the unification to two or more literals in an
axiom.
If literals have the common unificator, these literals become the same after the unificator is applied.
So several literals become a one literal.
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Obviously the factor is a valid formula. This formula is used to simplify axioms.

But the resolution with the factor is complex for the axiom generation. So it is not used, if it can
be replaced. But there are problems what are insoluble without factors.

Example 3.57. Let two axioms be:

P(z1,z2) V P(z2,23) V Q(z3,24) V Q(z4,Z1)
_|P(.’111, .’112) \% _|P(.’112, (El).

In both axioms the first two literals have common unificators. After applying these unificators we

have:

P(z1,z1) V Q(z1,Z4) V Q(T4, T1)

—P(z1,21).
The resolvent of these axioms is
Q(z1,24) V Q(z4, 71) (1)
Let one more axiom be added to the initial axioms:
~Q(z1,22) V Q(22,21) (2)

The literals have common unificators in both axiom (1) and (2). Applying these unificators we
get:

_'Q('T 1, wl)
Q(wl, wl)

The resolvent of these axioms is the empty axiom. We cannot deduce this empty axiom without
factors. O

In this example the factor is used before the resolution. But it is more effective to use the resolution
before the factor, if we use a computer.

For that we must introduce a notion.

Definition 3.58. The resolvent with the informative literal is a resolvent of two axiom with an
additional literal. This literal is the positive part of the contrary pair of the resolution after applying
the unificator. The informative literal separates literals of axioms being the operands of the resolution.
Before the informative literal we put the literals of the axiom with the positive literal of the contrary
pair, after the informative literal we put the literals of the other axiom.

Example 3.59. Again we have three axioms of example 3.57:

ﬁP(CC]_, :]32) \Y ﬁp(wg, IZJ]_).
Q(z1,22) V Q(z3, T4)
P(z1,z2) V P(z2,23) V Q(z3,24) V Q(z4, 1)
or, after the renumeration (to escape the variable collision)

P(z1,z2) V P(z2,23) V Q(z3,24) V Q(z4, 1) (1)
ﬁp($5, 1126) \Y ﬁp(we, 1125) (2)
Q(z7,z8) vV Q(zs, T7) (3)
The resolvent of axioms (1) and (2) with the informative literal is:
.P(CCQ, :]33) \ Q(IBg, 1124) \Y Q($4, CC]_) \ [P(IB]_, 1122)] \ _|P(IB2, CC]_) (4)

In this formula the informative literal is taken in square brackets. The resolvent of axioms (3) and

(4) is
P(z2,z3) V Q(z4,21) V [P((El, .’112)] V =P(z2, 1) V [Q(.’IJ3, .’114)] V =Q(z4, T3) (5)

This resolvent becomes empty because P(z2,z3) and —P(z2, ;) unify one with other and with
[P(z1,z2)], also Q(z4,z1) and Q(z3,z4) unify one with other and with [Q(z3,z4)]. The common
unificator for all P equals {z2/z1,z3/z1} and for all Q equals {z3/z1,z4/z1}. Both unificators do not
contradict one another. O

Rule 3.60 of resolution with factor:

- for every resolution the resolvent is added the informative literal;

- the resolvent becomes the empty axiom, if this resolvent is partitioned in some groups and every
group includes one informative literal and has a common unificator for all literals of this group (the
common unificators must be uncontradicted).

So we use the factorization only when the resolvent can be empty.

Example 3.61. We have two axioms:

P(.’El, .’112) V P(.’Eg, 1:3) V P(.’IJ3, 1:1).
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_|P(£E1, .’112) \% _|P(£E2, .’113) \% _|P(.’113, (El).

We must renumerate variables:
P((El, .’112) Vv P((Ez, .’113) Vv P(.’IJ3, .’111).

_|P(IB4, :]35) \Y _|P(IB5, :]36) \Y —IP(CCG, 1124).

The resolvent of these axioms is:
P((Ez, 1:3) Vv P((E3,.’111) Vv [P(.’El, (Ez)] Vv _|P(.’112, 1:5) Vv _|P(.’115, (El).

The common unificator for the resolvent equals {z2/z1,z3/z1,z6/z1}
So this resolvent is empty. [

3.2.3. Generalized Resolution.
If unificator of marked literals contains a-variables, the usual resolution rule is replaced by the
generalized resolution rule.
Rule 3.62 of generalized resolution. For two axioms:
- variables that leads to collisions are renumbered;
- literals from any part of axioms are marked, if their unificator has “a”-variable;
- both axioms are jointed by conjunction;
- the received formula is reduced to DNF;
- the existential quantifiers for all a-variables are added in the beginning of the received formula;
- unificator of marked literals is applied to this formula;
- the received formula is reduced to the first normal form;
- sentences, subsumed by the other sentences, are removed.
The reduction to DNF and the addition of explicit existential quantifiers are needed to apply the
unificator to all formulas.
Theorem 3.63. The generalized resolution is a valid formula.
Proof: small The proof follows from the definition. Transformations in this definition used valid
formulas. O
We shall enter the following identifications:
E; and Es - marked members of two axioms (a member is a literal without variables bound by
existential quantifiers or an A-clause);
Fi1 and F, - the rest of the axioms after removing marked members (they consist of members,
connected by disjunction);
According to the rule of generalized resolution we join both axioms by conjunction:
(El \Y }—1) A (E2 \Y Fg)
Using the valid formula:
E,VF+ (El \/Fl) NTFy 2 Fy
we can replace the conjunction of axioms by:
(E]_ Vf]_) AN EsV Fy
Then DNF of this formula is (after applying the unificator 6;):
(E2 /\.7:{ VvV Ey /\F]I_I V }—2)91
In this formula F; A E, is deleted because it is negation of a valid formula. The formula Fj is
replaced by Fj + F{', where members of 7] have a-variables common with E,. We underline A-clause
in this formula. Then we move the existential quantifiers of a-variables to the A-clause.
After reducing to the first normal form we have two sentences:
(E2 A }—{ V }—{I V }—2)91 (R,].)
(E2 /\F]I_ vV Ey V ]—“2)91
The last sentence is subsumed by the second axiom. So we have only sentence (R1).

By analogy we can have one more sentence:
(E1 A }—é V }—é’ V }—1)91 (R2)

It means the resolution depends on the order of arguments.

Usually the first argument is an axiom of the theory, the second argument is a successor of negation
of the proved theorem, and the resolvent is the successor, too. Then we have only one resolvent (R1).

The generalized resolution is effective at realization on computers because of integration a consid-
erable amount of information in one axiom. Conventional usage of Skolem functions [6] disintegrates
this information.
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The generalized resolution is just irreplaceable if we use the induction rule.

3.2.4. Paramodulation.

The equality is a special relation. It has properties of a function: z; = 23 A 21 = 23 — T2 = T3.
But it is never used as a function. It is defined in each theory differently, but its properties are the
same for all theories, i.e. these properties are valid formulas in the logic with equality.

The properties of equality are used to reduce a number of literals in the axioms and deduce new
axioms.

Two valid formulas are used to reduce a number of literals:

Fi [CC]_] Ve, £t 2 F [t]_]

Fi [CC]_] ANy =t 2 F [t]_]
where F; is an arbitrary formula containing a free variable z1, ¢; is an arbitrary term that does not
contain z;.

The rule of paramodulation is used to deduce the new axioms.

Rule 3.64 of paramodulation. If we have:

- two axioms;

- a literal with equation in V-clause of one of these axioms (for example, in the first), this equality
we shall call marked;
the left or the right part in this equality (for example, the left part of the equality);

- a literal in any part of the second axiom, this literal we shall call marked;

- a (marked) symbol disposed after the first symbol of this literal;

- a unificator of the (marked) term that begins with the marked symbol, and term that is the left
part of the equality (it is supposed, unificator exists and does not contain a-variables, i.e. the left
part of marked equality and marked term do not contain a-variables).

Then

- variable are renumbered to avoid collisions;

- marked equality is removed from the first axiom,;

- marked term of the second axiom is replaced by the right part of removed equality;

- both changed axioms are joined by disjunction in a formula;

- the unificator is applied to this formula.

Modulation in this rule means a change of the second axiom. The prefix of “para” underlines that
a number of literals in this axiom increased.

Theorem 3.65. Paramodulation s a valid formula in logic with equality.

Proof: Let two axioms be given:

ti1 =t VJF
Lafto] V F2

where ¢; and ¢, are terms, Ly[to] is a marked literal with a marked term ¢y, F; and F; are remaining parts of
the axioms.

Let zx be a variable which is not met in the given axioms. Then the next formula is valid:

Lg[to] VF, & Lz[.’L’k] V F Vg #to
Thus, the second axiom can be substituted by the formula
Lg[:rk] vV Fy Vg 75 to

Let equality in the first axiom and inequality in this formula be marked literals. Then the unificator of
these literals contains a substitution z /¢, and all substitutions generated by the unificator §; of the terms ¢
and %;.

Using the rule of the resolution and the substitution zy/t2, we shall receive

(F1V La[ta] V F2)0;.
Therefore, the formula
(t1 =ta VF1) A (Lato] V F2) = (F1V Lafta] V F2)b:
is valid. The proof is completed. O
3.2.5. Generalized Paramodulation.

The generalized paramodulation is a resolution with a generalized unification. This resolution can
be usual or generalized.

But before we should enter some notions.
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Definition 3.66. A term being an argument of a relation is primary. A term being an argument
of a primary term is secondary.

Rule 3.67 of the generalized unification. If we have:

- two literals;

- two positions (one in each literal) till to them these literals are unified by the usual or generalized
unification;

- these positions must be in any point of secondary terms, if these terms are the first arguments,
or in any point of primary terms, if these terms are the other arguments.

Then:

- we construct the inequality, both parts of which are the terms, beginning in the given positions.

- the inequality becomes the A-clause, if this inequality has variables bound by existential quan-
tifier, we construct A-clause in accordance with the generalized resolution rule (below we call these
clauses the inequality, too).

As a result we have both a unificator and a set of inequalities. But we have many results of the
generalized unification for the given two literals. If we apply the usual unification, the result is unique.

The positions for unification must be in the secondary terms if these terms are the first arguments.
Otherwise we shall have several equivalent proofs.

Rule 3.68 of generalized paramodulation (resolution with generalized unification). If we have:

- a contrary pair.

Then:

- we construct the V-clause from the inequalities generated at the unification;

- we construct the resolvent using the rule of generalized resolution;

- disjunction of this resolvent and the V-clause forms the terminal resolvent.

Rule 3.69 of one-place paramodulation. If we have:

- an axiom,;

- an inequality in this axiom.

Then:

- the generalized paramodulation is used with the contrary pair formed by the left and right parts
of this inequality.

Here we give the examples taken from [6].

For simplification in these examples we drop the literals inherited by previous steps of proving.
So A-clauses are absent.

Example 3.70. The axioms are given:

l. 21+ =25+ 3.

2. 1 + (22 + z3) = (21 + T2) + T3

3. (z1 +z2) — 22 = 21.

4. ((El — .’112) + T3 = (.’111 + 1:3) — To.

We shall prove the theorem (z, — z3) + 3 = =1 + (T3 — T2).

Negation of the theorem and steps of the proof are the next.

5. (c1 —c2) +c3 #c1+ (c3 —c2).

We have underlined the part that will be the right part of inequality as a result of generalized
unification on the next step of proving. Below we use underlining with the same purpose.

6.(4,5) (c1 +c3) —ca #c1+ (c3 — ¢2).

It is the first step of the proof. In parenthesizes we give the numbers of axioms used by the
paramodulation.

7. (4r,6) Ty +2T3£cL+c3V (:]31 - Cg) + 23 #c1+ (63 - Cz)

We have added the letter “r” in the parentheses. It means the order of unification is changed: the
right part of (4) unified with the left part of (6). In the previous step the order of unification is not
change: we have unificated the left part of (4) with the left part of (5).

We have two inequalities as a result of the generalized unification.

The first inequality does not seem natural, because it can be replaced by two substitutions z;/c;
and z3/cs. But this inequality is needed for the next paramodulations.

8.(1,7) (c3 —¢2) +c1 # c1 + (3 — c2)
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9.(1,8) Empty. O

Example 3.71. The same axioms and negation of the theorem (z; — z3) — (z3 — z2) = 1 — z3 are
given. We must construct the proof.

1. 21 +23 =22+ 23.

2. 1+ (1122 + 503) = (IZJ]_ + 502) + 3.

3. (.’111 + (Ez) — Ty =T

4. (.’111 —$2)+$3 ((El +:113) — T

5. (Cl—Cz) (3—C2)7561—C3

6. (3,6) (c1 —c3)+(c3 —c2) #c1 — ¢
7. (1,6) (c3 —c2) +(c1 —c3) #c1 — ¢
8. (4,7) c3 + (Cl — C3) #£c1

9. (1,8) (c1 —c3)+c3) #c1

10. (4,9) (Cl + 63) — C3 75 C1

11. (3,10) Empty. O
Example 3.72. The axioms and negation of the theorem (z; + z3) — (z3 + z2) = 1 — =3 are given:

1. 21+ 22 =2+ 1.

2. 21 + (22 + 23) = (21 + 22) + 3.

3. (z1 +22) — 22 = 1.

4. (z1 — 22) + 23 = (T1 + T3) — T2

5. (Cl + Cz) — (C3 + Cz) #cy — Cs.
Proof.

6. (3,5) (c1 —c3) + (c3 +c2) #c1 + co.
7. (2,6) (Cl — 63) +c3 75 C1.

8. (4,7) (Cl + 63) — C3 75 Ci.

9. (3,8) Empty. O

3.2.6. Finite Descent.

The finite descent rule is computer oriented variant of the induction rule.

Let the literal L;[a1] be received on some step of a proof, where L1[a;] means the literal L; contains
the variable a1, bound by existential quantifier. This variable will supply the literal L; to be included
in all next steps of the proof.

Let the literal L; [a)] be received on the other step of a proof. So an A-clause contains Lj [a;|AL1[a}].

Therefore, one part of the induction rule is executed. For execution of the other part of this rule
we shall remove the literal L;[a}] from the A-clause, replace all variables a; by constant 0 and go on
the proof.

This proof procedure is the finite descent rule, since the subformula Li[a;] A L;[a}] are replaced
by the subformula L;[0]. It is the descent from value a; to value 0.

Definition 3.73. The inductive pair in an A-clause is two literals one of them containing the
variable a;, and the other one containing in the same position variable a/, in the rest of the positions
the symbols are the same. The values of a; are the natural numbers, and a; is the inductive variable.

Rule 3.74 of finite descent. If it is given:

- A-clause in the axiom,;

- two literals in this A-clause which become an inductive pair after a unificator applying.

Then:

- the second literal of inductive pair is removed from A-clause;

- the inductive variable is replaced by 0 in the other literals of A-clause.

Example 3.75. The axioms of arithmetic are given:

1.z} #0.

2. T3 =z V T # Th.

We must prove the theorem z} # ;.

The negation of the theorem is:

3.¢ci=qa.

We shall use the one-place inference rule: if ¢ = ¢/, then ¢ = t”, where ¢ is a term. It follows from
the valid formula: functions are equal if their arguments are equal. So
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3. =i Anc=c.

The finite descent rule gives:

3.0 =0.

The proof has only one step (we point out in parentheses the steps using in the resolution);
4. (1,3") Empty. O

Example 3.76. The axioms of arithmetic are given:

1.z} #0.
2.z =z V) #zh.
3. CE1+0:$1.

4. z; + zh = (21 + z2)".

We like to prove the theorem (z; + z2) + 3 = 21 + (22 + z3). The negation of this theorem is added to the
axioms of arithmetic:

5. (1 +c2) +c3 # e+ (c2+c3)

Proof.

6(2,5) ((Cl + C2) + C3)’ ;é (Cl + (Cz + Cg))’ A\ (Cl + C2) + c3 ;é c1 + (Cz + C3)

7.(4r,6) (c1 +c2)+c§ # (c1+ (ca4c3)) A((c1 +c2)+c3) # (c1+ (ca+c3)) Aer +c2) +c3 # ¢+ (ca+c3)

8. (4r,7r) (c1 + o) +ch # c1 + (2 +c3) AN(er +c2) + ¢ # (c1 + (2 +¢3)) A((e1 + ¢2) + ¢c3) #
(Cl + (Cg + C3))’ A (Cl + Cg) + C3 -‘,é C1 + (Cg + C3).

In this formula we can use the finite descent rule: the first literal (c; + c2) + ¢§ # ¢1 + (c2 + ¢3)’ and the
last literal (c; + c2) + ¢c3 # c¢1 + (c2 + ¢3) form the inductive pair, if (cz + ¢3)' = c2 + ¢5. So at (generalized)
unification of these literals, the terminal resolvent has the inequality (cz 4+ ¢3)' # c2 + ¢ as the additional literal.
Then we can use the finite descent rule:

8. (c1+¢c2)+0# 1+ (2 +0)A(c1+c2)+0" # (c1+(c2+0))' A((er+¢2)+0) # (c1+(c2+0))  V  catcy #
(Cg -+ 03)/.

9. (3,8) c1tex # Cl+(Cz+0)/\(Cl +Cz)+0 # Cl+(Cg +0)/\(Cl +Cz)+0/ # (Cl+(62+0))’/\((61 +Cz)+0)l #
(c14+(c2+0)) VvV ca+ch#(ca+c3).

Now we can apply the one-place paramodulation rule to the left and right parts of the first inequality in 9:

9. Co ;é Cz+0/\(Cl+C2)+0 ;é C1+(C2+0)/\(Cl+62)+0’ ;é (C1+(C2+0))’/\((61+C2)+0), 75
(c14+(c2+0)) V ca+ch#(ca+c3).

10.(3,9") c2 +cf # (c2 +c3)’

11.(4,10) Empty. O

Example 3.77. The axioms of arithmetic are given:

1.z} #0.
2.z =z V| #£zh.
3. $1+0:.’L’1.

4. 1+ zh = (z1 + z2)".

We should prove the theorem z; + z3 = z3 + 1.

The negation of this theorem is added to given axioms:

5.c1+cF#ce+ar

The proof consists of the following steps.

6 (2,5) (Cl + Cg)’ 75 (C2 + Cl)’ Acy 4+ co ;é Cy +C1

7(4r6)cr+chZ(cat+ca) Alcrt+e) #(cx+tea)Acat+ectceta

The first literal ¢; + ¢, # (c2 + ¢1)’ and the last literal ¢; + ¢z # ¢z + ¢; form the inductive pair if
(c2 +c1) =ch +c1. So at (generalized) unification of these literals, the terminal resolvent has the inequality
(c2 + c1) # ch + ¢1 as the additional literal. Then we can use the finite descent rule:

7" +0#0+cA(c1+0)#0+c1) VvV (c2+c) #ch+a

8. (3,7 c1 Z04+ci A1 +0#0+ci A(c1+0) #(0+4c1) VvV (ca+ca) #ch+a

9. 28) L #(0+c1) A1 #0+ciAci+0#£0+c1 A(c1+0) #(0+c)) V (ca+ca) £ch+a

10. (4r,9r) 0+c, # i AC, # (04c1) Acy # 04+ciAci+0 # 0+c1A(c1+0) # (0+c1) vV (co4cr) # ch+c

The literals 0 4+ ¢} # ¢} and c¢; # 0 + ¢; form the inductive pair. So we can use the finite descent rule:

1000#0+0A0#(0+0)A0+0£0+0A(0+0)#(O0+0) V (c2+c) #ch+c

The inconsistent literal 0 + 0 # 0 + 0 allows to remove A-clause:

10" (ca 4+ c1) #ch+c1

11. (4r,10") co+ i #ch+crA(ca+c1) #ch+ 1
12, (2)11) (co+ ) #(ch+c1)' Aea+ ) #ch+carA(ca+cr) #ch+
13. (4r,12r) ch+ )y #(ca+ ) Alea+ ) #(ch+c) Ao+l Zch+erA(ca+c1) £ch+a

The literals ¢} + ¢] # (c2 +¢})" and (c2 + ¢1)' # ¢) + c1 form the inductive pair. So we can use the finite
descent rule once more:
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13" (c2+0) #chb+0A(c2+0) #(ch+0) Ao+ 0" #ch+0

14. (3,13r) (c2+0) #chA(c2+0) #chb +0A(c2+0) #(chb+0) Aca +0' #ch +0

The literal (cz + 0)' # ¢} can be reduced to ¢z + 0 # c2 (by the one-place paramodulation rule):

14" ca+0#caA(c2+0) #ch+0A(c2+0) #(ch+0)Acg+0 #ch+0

15. (3,14') Empty.

The analogous proof in classic logic [8] uses the induction rule 3 times too, but corresponding theorems are

formulated by intuition. In relational logic these theorems appear at proving. O

3.2.7. Generalized Finite Descent.

The rule of induction is used basically for primitive recursive functions. These functions contain
a recursive variable used as inductive in theorem proving.

But such inductive variable is absent, if we use recursive relations instead of recursive function.

As a rule, we construct recursive relations by iteration.

Before iteration we have a relation, which becomes initial approximation of required relation.

We construct the first approximation of the required relation at the first stage of the relation
iteration (one stage includes several steps of iteration, see section 3.1.2).

Further, at the next stage of the iteration we construct the new approximation of the required
relation.

The serial number of iteration stage is absent in received approximations. So this number can not
be an inductive variable.

We could add a new variable for every approximation of recursive relation. The value of this
variable becomes a number of iteration stage. Such variable could be used as inductive.

But there is a more simple way without on inductive variable. It put up the preorder - relations
received at a stage n are less than the relations received at a stage m + 1. Then we can use the rule
of infinite descent:

(VCC]_ f[(l)]_] — (3332 Ty < T3 A .7'—[:]32])) — Vz, _|.7'—[$1].

It means a formula does not deduce, if having the formula at any z; we deduce the same formula
at zo < z;.

But if all definitions in a theory are explicit or recursive, infinite descent becomes implicit finite.

In reality every inductive definition is recursive and consists of positive and negative definitions.

The positive definition consists of some formulas, a part of them are base of the inductive defi-
nition, the others are generating rules. But the negative definition consists of one formula in which
transformed positive definitions are joined by disjunction (see section 1.1).

Using negation of a proving theorem we must show, every of these subformulas is inconsistent.
For subformulas corresponding to generating rules, their inconsistency can be proved only by infinite
descent. For subformulas corresponding to base of inductive definition, such restrictions are absent,
but these subformulas are interpreted as descent to the base. So the proof of any property by infinite
descent is always followed by the proof of this property by finite descent to the base.

Therefore, we shall name infinite descent as generalized finite descent.

Rule 3.78 of generalized finite descent. Let be given:

- a formula in the first normal form;

- A-clause in this formula;

- subformula L[a;] A Llaz] A az < a1 in this A-clause.

Then:

- this A-clause can be removed (because it is a negation of a valid formula in logic with preorder).

Example 3.79. In the arithmetic set theory AS (see section 2) we have recursive definition of the proper
class Pr:

Pr(z;) @z, =N V (Jz3 21 = P(z2) A Pr(zz)) V Jzpdzs 1 = 22 X 23 A Pr(zs) A Pr(zs).
where P is the power-class function, “x” - symbol of the direct products of classes (classes are divided into sets
and proper classes, see section 2).

The positive definition of the proper class is divided into three formulas:

Pr(N).

Pr(P(z1)) V ~Pr(zy).

Pr(zy X z3) V2Pr(z1) V - Pr(zz).

The first formula is a base of inductive definition, the other two formulas are generating rules.
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Therefore, we have only one proper class N before iteration. We have two more proper classes P(N) and
N x N after the first stage. And we have 7 more proper classes P(P(N)), P(N x N), N x P(N), P(N) x N,
N x N x N, P(N)x Nx N and N x N x P(N) after the second stage. All proper classes created at a given
stage are equivalent, and all proper classes, created in previous stages, are less than they.

So this preorder is linear.

The formulas corresponding to the putting preorder must be added at reduction of recursive definition to
the first normal form. It means the positive definition has more formulas:

z1 < P(z1) V 2 Pr(zy).

z1 <1 X T3V Pr(z1) V Pr(z,).

zo <1 X T3 V Pr(z1)V -Pr(z,).

Ty xz2VIa X T

Using generalized finite descent we must prove the theorem < z1,z5 >¢ 1 V- M(z1) V "M (z3), where M
is the relation “to be set”.

The next two axioms are lemmas. We give these lemmas without proving for simplification.

1. zy ¢ 2o V-M(z2)V Pr(a) Azy € a1 Aze C ay.

2. < z1,20 >¢ N.

One more axiom is the negative definition of proper classes. The first member of this axiom is a base of
inductive definition, the other two members are inference rules.

3. °Pr(z1) V 21 =N V 21 = P(a;) A Pr(a1) V z1 = a1 X ag A Pr(ai) A Pr(az).

The next two axioms put up the preorder:

4. 1 < P(z1) V 2 Pr(zy).

5. 21 <21 X 22V Pr(z1) V ~Pr(zy).

The last axiom is the negation of the theorem:

6. <c1,c2 >€c1 AM(cr) A M(cz).

Proof.

7. (1,6) _|M(Cl)/\ < c1,Cy >€ Cl/\M(Cl)/\M(Cg) \Y
Pr(az)A < c1,c2 >€EazAcy CazA<cp,c2 >€ci AM(er) A M(cz).

The first member of this formula must be removed because it has subformula =M (c;) A M (c1):

7. Pr(az)A < c1,c2 >€EazAcy CazA<cp,c2 >€ci AM(er) A M(cz).

8. (3,7/) a3 = NA < c1,c0 >€ az ANcp C azN\ < ¢, >€ ¢c1 A M(Cl) A\ M(Cg) A\ PT(G3) V az =
P(as) A Pr(as)A < c1,c2 >EazAcy CazA <ci,c2 >€ i AM(c1) A M(c2) A Pr(az) V
as = ag X as A Pr(as) A Pr(as)A < ci,ca >€azAcy CazA<cy,ca >€ci AM(ci) A M(cz) A Pr(as).

In this formula the marked literal Pr(as) is replaced in the end of the A-clause because after resolution
marked literals become non-active. But we place active literals in the beginning of A-clauses as a rule.

Using equation properties in A-clauses we get:

8. <eci,ca >ENAcy CNA<Lcy,co >Eci AM(c1) AM(c2) APr(N) Vv
Pr(as)\ < c1,c2 >€ P(ag) Ay C P(asg)A < c1,c0 >E 1 AM(cr) A M(ca) A Pr(P(as)) V
Pr(as) A Pr(as)A < c1,c2 >E ag X as Acy C ag X agA < ¢1,02 >€ ¢1 A M(c1) A M(c2) A Pr(aq X as)

9. (2,8') Pr(as)A < c1,c2 >€ P(ag) Acy C P(ag)A < c1,c2 >€c1 AM(c1) AN M(cz2) APr(P(aq)) V
Pr(as) A Pr(as)A < c1,c2 >E ag X as Acy C ag X agA\ < ¢1,03 >€ ¢1 A M(c1) A M(c2) A Pr(aq X as)

The subformula Pr(as) A Pr(P(as)) allows to use the generalized finite descent if ay < P(a4). So at
(generalized) unification the terminal resolvent has as A P(a4) as the additional literal (see below). Then we
can replace the first A-clause by the same clause with this additional literal:

9. ag £ P(ag) A Pr(as)A < c1,c2 >€ P(ag) Ac1 C P(ag)A\ < c1,c2 >€ c1 AM(c1) AM(cz) APr(P(as)) V
Pr(as) A Pr(as)A < c1,c2 >E ag X as Acy C ag X agA < ¢1,03 >€ ¢1 A M(c1) A M(c2) A Pr(aq X as)

10. (4,9') ~Pr(as) A as £ P(as) A Pr(as)A < c1,c3 >€ P(ag) Ac1 C P(ag)A < c1,cp >E€ c1 A M(c1) A
M(c2) A Pr(P(as)) V
Pr(as) A Pr(as)A < ci,c2 >€ ag X as Acy C ag X asA < c1,62 >€ ¢1 A M(c1) A M(c2) A Pr(as X as)

The first A-clause of the formula can be removed because this clause has the subformula ~Pr(as) A Pr(as):

10". Pr(as) A Pr(as)A < c1,c2 >€ ag X asg Acy C ag X asA < c1,c2 >€ ¢ A M(c1) A M(c2) A Pr(as X as).

The subformula Pr(as) A Pr(as X as) allows to use the generalized finite descent if as < a4 X as. So we can
replace the A-clause by the same clause with the additional literal as £ P(a4):

10”. ag £ as X as A Pr(as) A Pr(as)A < c1,c0 >€ ag XasAcy C ag X asA < ¢1,62 >€ ¢y AM(c1) AM(e2) A
Pr(as x as).

11. (5,10") = Pr(as) N as £ as X as A Pr(as) A Pr(as)A < c1,c2 >€ ag XasAc; Cag XasgA<cp,cp> €
c1 A M(c1) A M(c2) A Pr(as X as) V
—Pr(as) Aas £ as X as A Pr(as) A Pr(as)A < c1,c2 >€ ag X as Acy C ag X asA < ¢1,00 >€ ¢1 A M(c1) A
M(cz) A Pr(as X as).
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Both A-clauses of this formula can be removed because they have subformulas =Pr(as) A Pr(as) and
—Pr(as) A Pr(as):

11, Empty. O

It is necessary to mark that we use the generalized unification rule, but this rule can add only
inequalities. We must show this rule can add other negation too.

Let E[a;] be an A-clause and L[a;| be a literal with the same a-variable a;. We must show

E[az] = L[ai] VAN E[az] \Y ﬁL[ai] VAN E[az]

We can move the implicit existential quantifiers from A-clauses of the right part in the beginning

of this part:
(Ja; E[a,i]) < da, L[ai] A E[ai] \% —|L[ai] A E[ai]
Using the distributivity of disjunction and conjunction we get:
(Elai E’[az]) = da; E[az] A (L[ai] \Y ﬁL[ai])

In the last parentheses we have the valid formula. Removing this formula we have one more the
valid formula (Ja; E[a;]) € Ja; E[a;]. In this formula all quantifiers are explicit.

Rule 3.80 of addition of literal in A-clause. We have:

- A-clause Li(...) A ... A Lp(...);

- literal Ly(...).

Then

- we can replace the given A-clause by two A-clauses

Lo(..)ANL1(.) Acee ALp(...) V 2Lo(...) AL1(o..) A oo A Ly (.0).

3.3. Conclusion.

The account of the finite logic was made informally, since the formal account of even parts of
the rules by means of logic programming would have many complex formulas, which are difficult for
understanding. But all these rules will be obligatory formalized and put in a special section of the
journal dedicated to publications of programs (and rules) by means of logic programming.

Theorem proving is given in informal way too. But a series of articles will be dedicated to the
formal proving.

It is necessary also to mark, till now there is no computer realization of construction of the theories
and models. Such programming systems as Prolog, Datalog and others have little in common with
logic programming stated in this “Introduction”.

Many problems of logic programming are stated for the first time. But it is principal, the account
of logic programming was constructed in accordance with classic logic. It allowed to cut off rather
vast investigations that are wrong or unimportant.

Almost all problems of the theorem proving (besides the usual resolution and paramodulation
rules) are stated for the first time, too.
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